
LOGICAL CHARACTERIZATIONS
OF WEIGHTED COMPLEXITY CLASSES

Guillermo Badia, Manfred Droste, Carles Noguera, Erik Paul



A = (A,≤,R1, . . . ,Rk) finite ordered structure (A,≤, edge, labela, labelb)

SO logic

β ::= R(x1, . . . , xn) | X (x1, . . . , xn) | ¬β | β ∨ β | ∃x .β | ∃X .β

Fagin’s Theorem [Fagin ’73]

ESO = NP A |= β ⇔ M accepts A

LFP logic

β ::= R(x1, . . . , xn) | X (x1, . . . , xn) | ¬β | β ∨ β | ∃x .β | lfpX ,ȳ β(X , ȳ)(x1, . . . , xn)

X0 = ∅ Xi+1 = {ā | β(Xi , ā) true} fixed point Xi = Xi+1

edge(y1, y2) ∨ ∃z(edge(y1, z) ∧ X (z , y2)) ∃path y1 → y2?

Immerman-Vardi’s Theorem [Immerman ’86, Vardi ’82]

LFP = P A |= β ⇔ M(A) = 1
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WEIGHTED LOGICS

A = (A,≤,R1, . . . ,Rk) finite ordered structure (A,≤, edge, labela, labelb)

(S ,⊕,⊗, 0,1) semiring (N0,+, ·, 0, 1)

wSO[S ] logic [Droste & Gastin ’05]

β ::= R(x1, . . . , xn) | X (x1, . . . , xn) | ¬β | β ∨ β | ∃x .β | ∃X .β
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ϕ |

⊕
X .ϕ

JϕK : structures→ S JβK(A) ∈ {0,1}

Example (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K = number of edges
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WEIGHTED FAGIN’S THEOREM

wSO[S ] logic

β ::= R(x1, . . . , xn) | X (x1, . . . , xn) | ¬β | β ∨ β | ∃x .β | ∃X .β
ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |

⊕
x .ϕ |

⊗
x .ϕ |

⊕
X .ϕ

Fagin’s Theorem
ESO = NP A |= β ⇔ M accepts A

New Theorem
wESO[S ] = NP[S ] JϕK(A) = JMK(A)

Turing machine M over S transitions ∆ wt: ∆→ S
multiply along computation sum over computations

NP[B] = NP
NP[(N0,+, ·, 0, 1)] = #P M : A → |RunM(A)| [Saluja et al., Arenas et al.]
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WEIGHTED IMMERMAN–VARDI’S THEOREM

wLFP[S ] logic

β ::= R(x1, . . . , xn) | X (x1, . . . , xn) | ¬β | β ∨ β | ∃x .β | lfpX ,ȳ β(X , ȳ)(x1, . . . , xn)

ϕ ::= β | s | ϕ⊕ ϕ | ϕ⊗ ϕ |
⊕

x .ϕ |
⊗

x .ϕ

Immerman-Vardi’s Theorem
LFP = P A |= β ⇔ M(A) = 1

New Theorem
wLFP[S ] = FP[S ] JϕK(A) = 〈〈M(A)〉〉

FP[S ] = {f : structures→ terms over S computable in P}

FP[B] = P
FP[(N0,+, ·, 0, 1)] = FP f : structures→ N0 computable in P [Arenas et al. ’20]
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