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ABSTRACT
Valued constraint satisfaction problems (VCSPs) constitute a large

class of computational optimisation problems. It was shown re-

cently that, over finite domains, every VCSP is in P or NP-complete,

depending on the admitted cost functions. In this article, we study

cost functions over countably infinite domains whose automor-

phisms form an oligomorphic permutation group. Our results in-

clude a hardness condition based on a generalisation of pp-construct-

ability as known from classical CSPs and a polynomial-time tract-

ability condition based on the concept of fractional polymorphisms.

We then observe that the resilience problem for unions of conjunc-

tive queries (UCQs) studied in database theory, under bag semantics,

may be viewed as a special case of the VCSPs that we consider. We

obtain a complexity dichotomy for the case of incidence-acyclic

UCQs and exemplarily use our methods to determine the complex-

ity of a query that had remained open in the literature. Further, we

conjecture that our hardness and tractability conditions match for

resilience problems for UCQs.
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1 INTRODUCTION
In data management, the resilience of a query 𝜇 in a relational

database 𝔄 is the minimum number of tuples that need to be re-

moved from 𝔄 to achieve that 𝜇 is false in 𝔄. This associates every

fixed query 𝜇 with a natural decision problem: given a database

𝔄 and a candidate resilience 𝑛 ∈ N, decide whether the resilience
of 𝜇 in 𝔄 is at most 𝑛. Significant efforts have been invested into

classifying the complexity of such resilience problems depending

on the query 𝜇, concentrating on the case that 𝜇 is a conjunctive

query [21, 22, 36]. Notably, research has identified several classes

of conjunctive queries for which the resilience problem is in poly-

nomial time and others for which it is NP-complete. A general

classification, however, has remained open.

Resilience problems have been considered on set databases [21,

22] and, more recently, also on bag databases [36]. The latter means

that every fact in the database is associated with a multiplicity, that

is, a tuple of constants may have multiple occurrences in the same

relation. Bag databases are of importance because they represent

SQL databases more faithfully than set databases [14]. Note that

if the resilience problem of a query 𝜇 can be solved in polynomial

time on bag databases, then it can be solved in polynomial time also

on set databases. Regarding the converse, Makhija and Gatterbauer

[36] identify a conjunctive query for which the resilience problem

on bag databases is NP-hard whereas the resilience problem on set

databases is in P.

In this paper, we present a surprising link between the resilience

problem for (unions of) conjunctive queries under bag semantics

and valued constraint satisfaction problems (VCSPs), which consti-

tute a large class of computational optimisation problems. In a

VCSP, we are given a finite set of variables, a finite sum of cost

functions on these variables, and a threshold 𝑢, and the task is to

find an assignment to the variables so that the sum of the costs

is at most 𝑢. The computational complexity of such problems has

been studied depending on the admitted cost functions, which we

may view as a valued structure. A complete classification has been

obtained for valued structures with a finite domain, showing that

the corresponding VCSPs are in P or NP-hard [12, 31, 33, 44, 45].

There are also some results about VCSPs of valued structures with

infinite domains [7, 43].

We show that the resilience problem for every union of con-

nected conjunctive queries can be formulated as a VCSP for a valued

structure with an oligomorphic automorphism group, i.e., a structure
with a countable domain that, for every fixed 𝑘 , has only finitely

many orbits of 𝑘-tuples under the action of the automorphism

group. This property is important for classical CSPs (which can be
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seen as VCSPs where all cost functions take values in {0,∞}) since
it enables the use and extension of some tools from finite-domain

CSPs (see, e.g., [3]). The complexity classification for general, not

necessarily connected conjunctive queries can be reduced to the

connected case. In the important special case that the conjunctive

query is incidence-acyclic (meaning that it has an acyclic incidence

graph), we even obtain a VCSP for a valued structure with a finite

domain and consequently obtain a P versus NP-complete dichotomy

from the known dichotomy for such VCSPs.

The above results actually hold in the more general setting where

some relations or tuples may be declared to be exogenous, meaning

that they may not be removed from the database to make the query

false. This is useful when the data in the database stems from

different sources; it was also considered in [21, 22, 36].

As a main contribution of this paper, the novel connection be-

tween resilience and VCSPs leads us to initiating the systematic

study of VCSPs of countably infinite valued structures whose auto-

morphisms form an oligomorphic permutation group. In particular,

we develop a notion of expressive power which is based on primi-
tive positive definitions and other complexity-preserving operators,

inspired by the techniques known from VCSPs over finite domains.

We use the expressive power to obtain polynomial-time reductions

between VCSPs and use them as the basis for formulating a hardness

condition for infinite domain VCSPs. We conjecture that for VCSPs

that stem from resilience problems, this hardness condition is not

only sufficient but also necessary, unless P = NP. More precisely,

we conjecture that this is the case when the automorphism group

of the valued structure is identical to that of a structure which is a

reduct of a countable finitely bounded homogeneous structure.

We also present an algebraic condition for (infinite-domain) val-

ued structures which implies that the induced VCSP is in P, based

on the concept of fractional polymorphisms which generalise classi-

cal polymorphisms, a common tool for proving tractability of CSPs.

To prove membership in P, we use a reduction to finite-domain

VCSPs which can be solved by a linear programming relaxation

technique. We conjecture that the resulting algorithm solves all

resilience problems that are in P. We demonstrate the utility of

our tractability condition by applying it to a concrete conjunctive

query for which the computational complexity of resilience has

been stated as an open problem in the literature [22] (Section 8.5).

Related Work. The study of resilience problems was initiated in

[21] under set semantics. The authors study the class of self-join-

free conjunctive queries, i.e., queries in which each relation symbol

occurs at most once, and obtain a P versus NP-complete dichotomy

for this class. In a subsequent paper [22], several results are obtained

for conjunctive queries with self-joins of a specific form, while the

authors also state a few open problems of similar nature that cannot

be handled by their methods. In the latest article [36], Gatterbauer

andMakhija present a unified approach to resilience problems based

on integer linear programming that works also for queries with

self-joins, both under bag semantics and under set semantics. The

new complexity results in [36] again concern self-join-free queries.

Our approach is independent from self-joins and hence allows to

study conjunctive queries that were difficult to treat before.

We stress that VCSPs of countable valued structures with an

oligomorphic automorphism group greatly surpass resilience prob-

lems. For example, many problems in the recently very active area

of graph separation problems [28, 29] such as directed feedback edge
set problem and directed symmetric multicut problem can be formu-

lated as VCSPs of appropriate countable valued structures with an

oligomorphic automorphism group. Several of these problems such

as the multicut problem and the coupled min cut problem can even

be formulated as VCSPs over finite domains.

Outline. The article is organised from the general to the specific,

starting with VCSPs in full generality (Section 2), then focusing

on valued structures with an oligomorphic automorphism group

(Section 3), for which our notion of expressive power (Section 4)

leads to polynomial-time reductions. Our general hardness con-

dition, which also builds upon the notion of expressive power, is

presented in Section 5. To study the expressive power and to formu-

late general polynomial-time tractability results, we introduce the

concept of fractional polymorphisms in Section 6 (they are probabil-

ity distributions over operations on the valued structure). We take

inspiration from the theory of VCSPs for finite-domain valued struc-

tures, but apply some non-trivial modifications that are specific

to the infinite-domain setting (because the considered probability

distributions are over uncountable sets) making sure that our defi-

nitions specialize to the standard ones over finite domains. We then

present a general polynomial-time tractability result (Theorem 7.13)

which is phrased in terms of fractional polymorphisms. Section 8

applies the general theory to resilience problems. We illustrate the

power of our approach by settling the computational complexity

of a resilience problem for a concrete conjunctive query from the

literature (Section 8.5). Section 9 closes with open problems for

future research.

Many of statements in the article have long and technical proofs,

therefore the proofs are omitted and can be found in the long version

of the article available on arXiv [11].

2 PRELIMINARIES
The set {0, 1, 2, . . . } of natural numbers is denoted by N, the set of
rational numbers is denoted by Q, the set of non-negative rational
numbers by Q≥0 and the set of positive rational numbers by Q>0.

We use analogous notation for the set of real numbers R and the

set of integers Z. We also need an additional value∞; all we need

to know about∞ is that

• 𝑎 < ∞ for every 𝑎 ∈ Q,
• 𝑎 + ∞ = ∞ + 𝑎 = ∞ for all 𝑎 ∈ Q ∪ {∞}, and
• 0 · ∞ = ∞ · 0 = 0 and 𝑎 · ∞ = ∞ · 𝑎 = ∞ for 𝑎 > 0.

2.1 Valued Structures
Let 𝐶 be a set and let 𝑘 ∈ N. A valued relation of arity 𝑘 over 𝐶 is a

function 𝑅 : 𝐶𝑘 → Q∪ {∞}. We writeℛ
(𝑘 )
𝐶

for the set of all valued

relations over 𝐶 of arity 𝑘 , and define

ℛ𝐶 :=
⋃
𝑘∈N

ℛ
(𝑘 )
𝐶

.

A valued relation is called finite-valued if it takes values only in Q.
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Example 2.1. The valued equality relation 𝑅= is the binary valued
relation defined over 𝐶 by 𝑅= (𝑥,𝑦) = 0 if 𝑥 = 𝑦 and 𝑅= (𝑥,𝑦) = ∞
otherwise. The empty relation 𝑅∅ is the unary valued relation defined
over 𝐶 by 𝑅∅ (𝑥) = ∞ for all 𝑥 ∈ 𝐶 .

A valued relation 𝑅 ∈ ℛ
(𝑘 )
𝐶

that only takes values from {0,∞}
will be identified with the ‘crisp’ relation {𝑎 ∈ 𝐶𝑘 | 𝑅(𝑎) = 0}. For
𝑅 ∈ ℛ

(𝑘 )
𝐶

the feasibility relation of 𝑅 is defined as

Feas(𝑅) := {𝑎 ∈ 𝐶𝑘 | 𝑅(𝑎) < ∞}.

A (relational) signature 𝜏 is a set of relation symbols, each of them

equipped with an arity from N. A valued 𝜏-structure Γ consists of a

set 𝐶 , which is also called the domain of Γ, and a valued relation

𝑅Γ ∈ ℛ
(𝑘 )
𝐶

for each relation symbol 𝑅 ∈ 𝜏 of arity 𝑘 . A 𝜏-structure
in the usual sense may then be identified with a valued 𝜏-structure

where all valued relations only take values from {0,∞}.

Example 2.2. Let 𝜏 = {<} be a relational signature with a sin-
gle binary relation symbol <. Let Γ< be the valued 𝜏-structure with
domain {0, 1} and where <(𝑥,𝑦) = 0 if 𝑥 < 𝑦, and <(𝑥,𝑦) = 1

otherwise.

An atomic 𝜏-expression is an expression of the form 𝑅(𝑥1, . . . , 𝑥𝑘 )
for 𝑅 ∈ 𝜏 and (not necessarily distinct) variable symbols 𝑥1, . . . , 𝑥𝑘 .

A 𝜏-expression is an expression 𝜙 of the form

∑
𝑖≤𝑚 𝜙𝑖 where𝑚 ∈ N

and 𝜙𝑖 for 𝑖 ∈ {1, . . . ,𝑚} is an atomic 𝜏-expression. Note that the

same atomic 𝜏-expression might appear several times in the sum.

We write 𝜙 (𝑥1, . . . , 𝑥𝑛) for a 𝜏-expression where all the variables

are from the set {𝑥1, . . . , 𝑥𝑛}. If Γ is a valued 𝜏-structure, then a

𝜏-expression 𝜙 (𝑥1, . . . , 𝑥𝑛) defines over Γ a member ofℛ
(𝑛)
𝐶

, which

we denote by 𝜙Γ
. If 𝜙 is the empty sum then 𝜙Γ

is constant 0.

2.2 Valued Constraint Satisfaction
In this section we assume that Γ is a fixed valued 𝜏-structure for

a finite signature 𝜏 . The valued relations of Γ are also called cost
functions. The valued constraint satisfaction problem for Γ, denoted
by VCSP(Γ), is the computational problem to decide for a given

𝜏-expression 𝜙 (𝑥1, . . . , 𝑥𝑛) and a given 𝑢 ∈ Q whether there exists

𝑎 ∈ 𝐶𝑛
such that𝜙Γ (𝑎) ≤ 𝑢. We refer to𝜙 (𝑥1, . . . , 𝑥𝑛) as an instance

of VCSP(Γ), and to 𝑢 as the threshold. Tuples 𝑎 ∈ 𝐶𝑛
such that

𝜙Γ (𝑎) ≤ 𝑢 are called a solution for (𝜙,𝑢). The cost of 𝜙 (with respect

to Γ) is defined to be

inf

𝑎∈𝐶𝑛
𝜙Γ (𝑎) .

In some contexts, it will be beneficial to consider only a given 𝜏-

expression 𝜙 to be the input of VCSP(Γ) (rather than 𝜙 and the

threshold 𝑢) and a tuple 𝑎 ∈ 𝐶𝑛
will then be called a solution for 𝜙

if the cost of 𝜙 equals 𝜙Γ (𝑎). Note that in general there might not

be any solution. If there exists a tuple 𝑎 ∈ 𝐶𝑛
such that 𝜙Γ (𝑎) < ∞

then 𝜙 is called satisfiable.
Note that our setting also captures classical CSPs, which can be

viewed as the VCSPs for valued structures Γ that only contain cost

functions that take value 0 or ∞. In this case, we will sometimes

write CSP(Γ) for VCSP(Γ). Below we give an example of a known

optimisation problem that can be formulated as a valued constraint

satisfaction problem.

Example 2.3. The problem VCSP(Γ<) for the valued structure Γ<
from Example 2.2 models the directed max-cut problem: given a finite
directed graph (𝑉 , 𝐸) (we do allow loops and multiple edges), partition
the vertices 𝑉 into two classes 𝐴 and 𝐵 such that the number of edges
from 𝐴 to 𝐵 is maximal. Maximising the number of edges from 𝐴

to 𝐵 amounts to minimising the number 𝑒 of edges within 𝐴, within
𝐵, and from 𝐵 to 𝐴. So when we associate 𝐴 to the preimage of 0

and 𝐵 to the preimage of 1, computing the number 𝑒 corresponds to
finding the evaluation map 𝑠 : 𝑉 → {0, 1} that minimises the value∑

(𝑥,𝑦) ∈𝐸 <(𝑠 (𝑥), 𝑠 (𝑦)), which can be formulated as an instance of
VCSP(Γ<). Conversely, every instance of VCSP(Γ<) corresponds to a
directed max-cut instance. It is known that VCSP(Γ<) is NP-complete
(even if we do not allow loops and multiple edges in the input) [24].
We mention that this problem can be viewed as a resilience problem
in database theory as explained in Section 8.

3 OLIGOMORPHICITY
Many facts about VCSPs for valued structures with a finite domain

can be generalised to a large class of valued structures over an

infinite domain, defined in terms of automorphisms. We define

automorphisms of valued structures as follows.

Definition 3.1. Let 𝑘 ∈ N, let 𝑅 ∈ ℛ
(𝑘 )
𝐶

, and let 𝛼 be a permu-
tation of 𝐶 . Then 𝛼 preserves 𝑅 if for all 𝑎 ∈ 𝐶𝑘 we have 𝑅(𝛼 (𝑎)) =
𝑅(𝑎). If Γ is a valued structure with domain𝐶 , then an automorphism

of Γ is a permutation of 𝐶 that preserves all valued relations of 𝑅.

The set of all automorphisms of Γ is denoted by Aut(Γ), and
forms a group with respect to composition. Let 𝑘 ∈ N. An orbit of 𝑘-
tuples of a permutation group𝐺 is a set of the form {𝛼 (𝑎) | 𝛼 ∈ 𝐺}
for some 𝑎 ∈ 𝐶𝑘

. A permutation group𝐺 on a countable set is called

oligomorphic if for every 𝑘 ∈ N there are finitely many orbits of 𝑘-

tuples in 𝐺 [13]. From now on, whenever we write that a structure

has an oligomorphic automorphism group, we also imply that its

domain is countable. Clearly, every valued structure with a finite

domain has an oligomorphic automorphism group. A countable

structure has an oligomorphic automorphism group if and only if it

is 𝜔-categorical, i.e., if all countable models of its first-order theory

are isomorphic [25].

Example 3.2. Let 𝜏 = {𝐸, 𝑁 } be a relational signature with two
binary relation symbols 𝐸 and 𝑁 . Let ΓLCC be the valued 𝜏-structure
with domain N where 𝐸 (𝑥,𝑦) = 0 if 𝑥 = 𝑦 and 𝐸 (𝑥,𝑦) = 1 otherwise,
and where 𝑁 (𝑥,𝑦) = 0 if 𝑥 ≠ 𝑦 and 𝑁 (𝑥,𝑦) = 1 otherwise. Note that
Aut(ΓLCC) is the full symmetric group on N. This group is oligomor-
phic; for example, there are five orbits of triples represented by the
tuples (1, 2, 3), (1, 1, 2), (1, 2, 1), (2, 1, 1) and (1, 1, 1).

The problem of least correlation clustering with partial informa-

tion [42, Example 5] is equal to VCSP(ΓLCC). It is a variant of the
min-correlation clustering problem [1] that does not require precisely
one constraint between any two variables. The problem is NP-complete
in both settings [24, 42].

The following lemma shows that valued 𝜏-structures always

realize infima of 𝜏-expressions.

Lemma 3.3. Let Γ be a valued structure with a countable domain
𝐶 and an oligomorphic automorphism group. Then for every instance
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𝜙 (𝑥1, . . . , 𝑥𝑛) of VCSP(Γ) there exists 𝑎 ∈ 𝐶𝑛 such that the cost of 𝜙
equals 𝜙Γ (𝑎).

A first-order sentence is called universal if it is of the form

∀𝑥1, . . . , 𝑥𝑙 . 𝜓 where𝜓 is quantifier-free. Every quantifier-free for-

mula is equivalent to a formula in conjunctive normal form, so we

generally assume that quantifier-free formulas are of this form.

Recall that a 𝜏-structure 𝔄 embeds into a 𝜏 structure𝔅 if there is

an injective map from 𝐴 to 𝐵 that preserves all relations of 𝔄 and

their complements; the corresponding map is called an embedding.
The age of a 𝜏-structure is the class of all finite 𝜏-structures that
embed into it. A structure 𝔅 with a finite relational signature 𝜏 is

called

• finitely bounded if there exists a universal 𝜏-sentence 𝜙 such

that a finite structure 𝔄 is in the age of 𝔅 iff 𝔄 |= 𝜙 .

• homogeneous if every isomorphism between finite substruc-

tures of 𝔅 can be extended to an automorphism of 𝔅.

If 𝜏 ′ ⊆ 𝜏 , then a 𝜏 ′-structure 𝔅′
is called the reduct of 𝔅 if 𝔅 and

𝔅′
have the same domain and 𝑅𝔅

′
= 𝑅𝔅 for every 𝑅 ∈ 𝜏 ′.

Note that for every structure 𝔅 with a finite relational signa-

ture, for every 𝑛 there are only finitely many non-isomorphic sub-

structures of 𝔅 of size 𝑛. Therefore, all countable homogeneous

structures with a finite relational signature and all of their reducts

have finitely many orbits of 𝑘-tuples for all 𝑘 ∈ N, and hence an

oligomorphic automorphism group.

Theorem 3.4. Let Γ be a countable valued structure with finite sig-
nature such that there exists a finitely bounded homogeneous structure
𝔅 with Aut(𝔅) ⊆ Aut(Γ). Then VCSP(Γ) is in NP.

4 EXPRESSIVE POWER
One of the fundamental concepts in the theory of constraint sat-

isfaction is the concept of primitive positive definitions, which is

the fragment of first-order logic where only equality, existential

quantification, and conjunction are allowed (in other words, nega-

tion, universal quantification, and disjunction are forbidden). The

motivation for this concept is that relations with such a definition

can be added to the structure without changing the complexity of

the respective CSP. The natural generalisation to valued constraint

satisfaction is the following notion of expressibility.

Definition 4.1. Let Γ be a valued 𝜏-structure. We say that 𝑅 ∈
ℛ

(𝑘 )
𝐶

can be expressed by Γ if there exists a 𝜏-expression

𝜙 (𝑥1, . . . , 𝑥𝑘 , 𝑦1, . . . , 𝑦𝑛)

such that for all 𝑎 ∈ 𝐶𝑘 we have

𝑅(𝑎) = inf

𝑏∈𝐶𝑛
𝜙Γ (𝑎, 𝑏).

Note that inf𝑏∈𝐶𝑛 𝜙Γ (𝑎, 𝑏) might be irrational or −∞. If this

is the case in Definition 4.1, then 𝜙 does not witness that 𝑅 can

be expressed in Γ since valued relations must have weights from

Q∪{∞}. If𝐶 has an oligomorphic permutation group, however, then

Lemma 3.3 guarantees existence. We will further see in Lemma 4.6

that if Γ has an oligomorphic automorphism group, then the addi-

tion of valued relations that are expressible by Γ does not change

the computational complexity of VCSP(Γ).

More ways to derive new relations from existing ones that pre-

serves the computational complexity of the original VCSP are in-

troduced in the following definition.

Definition 4.2. Let 𝑅, 𝑅′ ∈ ℛ𝐶 . We say that 𝑅′ can be obtained
from 𝑅 by

• non-negative scaling if there exists 𝑟 ∈ Q≥0 such that𝑅 = 𝑟𝑅′;
• shifting if there exists 𝑠 ∈ Q such that 𝑅 = 𝑅′ + 𝑠 .

If 𝑅 is of arity 𝑘 , then the relation that contains all minimal-value
tuples of 𝑅 is

Opt(𝑅) := {𝑎 ∈ Feas(𝑅) | 𝑅(𝑎) ≤ 𝑅(𝑏) for every 𝑏 ∈ 𝐶𝑘 }.
Definition 4.3 (valued relational clone). A valued relational

clone (over𝐶) is a subset ofℛ𝐶 that contains 𝑅= and 𝑅∅ (from Exam-
ple 2.1), and is closed under expressibility, shifting, and non-negative
scaling, Feas, and Opt. For a valued structure Γ with domain 𝐶 , we
write ⟨Γ⟩ for the smallest relational clone that contains the valued
relations of Γ.

The following example shows that neither the operator Opt nor

the operator Feas is redundant in the definition above.

Example 4.4. Consider the domain 𝐶 = {0, 1, 2} and the unary
valued relation 𝑅 on 𝐶 defined by 𝑅(0) = 0, 𝑅(1) = 1 and 𝑅(2) = ∞.
Then the relation Feas(𝑅) cannot be obtained from 𝑅 by express-
ing, shifting, non-negative scaling and use of Opt. Similarly, the
relation Opt(𝑅) cannot be obtained from 𝑅 by expressing, shifting,
non-negative scaling and use of Feas.

Remark 4.5. Note that for every valued structure Γ and 𝑅 ∈ ⟨Γ⟩,
every automorphism of Γ is an automorphism of 𝑅.

The motivation for Definition 4.3 for valued CSPs stems from the

following lemma, which shows that adding relations in ⟨Γ⟩ does
not change the complexity of the VCSP up to polynomial-time re-

ductions. For finite-domain valued structures this is proved in [16],

except for the operator Opt, for which a proof can be found in [23,

Theorem 5.13]. Parts of the proof have been generalised to infinite-

domain valued structures without further assumptions; see, e.g.

[40] and [42, Lemma 7.1.4]. However, in these works the definition

of VCSPs was changed to ask whether there is a solution of a cost

strictly less than 𝑢, to circumvent problems about infima that are

not realised. Moreover, in [40] the authors restrict themselves to

finite-valued relations and hence do not consider the operator Opt.

It is visible from Example 4.4 that neither the operator Opt nor the

operator Feas can be simulated by the other ones already on finite

domains, which is why they both appear in [23] (Feas was included

implicitly by allowing to scale by 0 and defining 0 · ∞ = ∞). In

this article we work with valued structures with an oligomorphic

automorphism group so that the values of expressions are attained

and hence we can adapt the proof from the finite-domain case to

show that the complexity is preserved.

Lemma 4.6. Let Γ be a valued structure with an oligomorphic
automorphism group and a finite signature. Suppose that Δ is a valued
structure with a finite signature over the same domain 𝐶 such that
every cost function of Δ is from ⟨Γ⟩. Then there is a polynomial-time
reduction from VCSP(Δ) to VCSP(Γ).

The next two examples illustrate the use of Lemma 4.6 for ob-

taining hardness results.
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Example 4.7. Recall the structure Γ< from Example 2.2. We have
seen in Example 2.3 that VCSP(Γ<) is the directed max-cut problem.
Consider the classical relation NAE on {0, 1} defined by

NAE := {0, 1}3 \ {(0, 0, 0), (1, 1, 1)}.
Note that

NAE(𝑥,𝑦, 𝑧) = Opt

(
<(𝑥,𝑦) + <(𝑦, 𝑧) + <(𝑧, 𝑥)

)
.

Since CSP({0, 1},NAE) is known to be NP-hard (see, e.g., [3]), this
provides an alternative proof of the NP-hardness of the directed max-
cut problem via Lemma 4.6.

Example 4.8. We revisit the countably infinite valued structure
ΓLCC from Example 3.2. Recall thatVCSP(ΓLCC) is the least correlation
clustering problem with partial information and that Aut(ΓLCC) is
oligomorphic. Let ΓEC be the relational structure with the same domain
as ΓLCC and the relation 𝑅 := {(𝑥,𝑦, 𝑧) | (𝑥 = 𝑦 ∧ 𝑦 ≠ 𝑧) ∨ (𝑥 ≠

𝑦 ∧ 𝑦 = 𝑧)} (attaining values 0 and∞). Note that

𝑅(𝑥,𝑦, 𝑧) = Opt(𝑁 (𝑥, 𝑧) + 𝑁 (𝑥, 𝑧) + 𝐸 (𝑥,𝑦) + 𝐸 (𝑦, 𝑧)).
This provides an alternative proof of NP-hardness of the least corre-
lation clustering with partial information via Lemma 4.6, because
CSP(ΓEC) is known to be NP-hard [5].

Note that we can replace 𝑁 (𝑥, 𝑧) + 𝑁 (𝑥, 𝑧) in the definition of 𝑅
by Opt(𝑁 ) (𝑥, 𝑧) and that Opt(𝑁 ) is equal to the classical relation ≠

(attaining values 0 and ∞). This shows that even VCSP(N;𝐸,≠) is
NP-hard.

5 HARDNESS FROM PP-CONSTRUCTIONS
A universal-algebraic theory of VCSPs for finite valued structures

has been developed in [33], following the classical approach to

CSPs which is based on the concepts of cores, addition of constants,

and primitive positive interpretations. Subsequently, an important

conceptual insight has been made for classical CSPs which states

that every structure that can be interpreted in the expansion of the

core of the structure by constants can also be obtained by taking

a pp-power if we then consider structures up to homomorphic

equivalence [2]. We are not aware of any published reference that

adapts this perspective to the algebraic theory of VCSPs, so we

develop (parts of) this approach here. As in [2], we immediately step

from valued structures with a finite domain to the more general case

of valued structures with an oligomorphic automorphism group.

The results in this section are adaptations of the known results for

classical relational structures or finite-domain valued structures.

Definition 5.1 (pp-power). Let Γ be a valued structure with
domain 𝐶 and let 𝑑 ∈ N. Then a (𝑑-th) pp-power of Γ is a valued
structure Δ with domain 𝐶𝑑 such that for every valued relation 𝑅 of
Δ of arity 𝑘 there exists a valued relation 𝑆 of arity 𝑘𝑑 in ⟨Γ⟩ such
that

𝑅((𝑎1

1
, . . . , 𝑎1

𝑑
), . . . , (𝑎𝑘

1
, . . . , 𝑎𝑘

𝑑
)) = 𝑆 (𝑎1

1
, . . . , 𝑎1

𝑑
, . . . , 𝑎𝑘

1
, . . . , 𝑎𝑘

𝑑
) .

The name ‘pp-power’ comes from ‘primitive positive power’,

since for relational structures expressibility is captured by primitive

positive formulas. The following proposition shows that the VCSP

of a pp-power reduces to the VCSP of the original structure.

Proposition 5.2. Let Γ and Δ be valued structures such that
Aut(Γ) is oligomorphic and Δ is a pp-power of Γ. Then Aut(Δ) is

oligomorphic and there is a polynomial-time reduction from VCSP(Δ)
to VCSP(Γ).

If 𝐶 and 𝐷 are sets, then we equip the space 𝐶𝐷
of functions

from 𝐷 to 𝐶 with the topology of pointwise convergence, where 𝐶

is taken to be discrete. In this topology, a basis of open sets is given

by

𝒮𝑎,𝑏 := {𝑓 ∈ 𝐶𝐷 | 𝑓 (𝑎) = 𝑏}
for 𝑎 ∈ 𝐷𝑘

and 𝑏 ∈ 𝐶𝑘
for some 𝑘 ∈ N, and 𝑓 is applied componen-

twise. For any topological space 𝑇 , we denote by 𝐵(𝑇 ) the Borel
𝜎-algebra on𝑇 , i.e., the smallest subset of the powerset P(𝑇 ) which
contains all open sets and is closed under countable intersection

and complement. We write [0, 1] for the set {𝑥 ∈ R | 0 ≤ 𝑥 ≤ 1}.

Definition 5.3 (fractional map). Let 𝐶 and 𝐷 be sets. A frac-

tional map from 𝐷 to 𝐶 is a probability distribution

(𝐶𝐷 , 𝐵(𝐶𝐷 ), 𝜔 : 𝐵(𝐶𝐷 ) → [0, 1]),

that is,𝜔 (𝐶𝐷 ) = 1 and𝜔 is countably additive: if𝐴1, 𝐴2, · · · ∈ 𝐵(𝐶𝐷 )
are disjoint, then

𝜔 (
⋃
𝑖∈N

𝐴𝑖 ) =
∑︁
𝑖∈N

𝜔 (𝐴𝑖 ).

If 𝑓 ∈ 𝐶𝐷
, we often write 𝜔 (𝑓 ) instead of 𝜔 ({𝑓 }). Note that

{𝑓 } ∈ 𝐵(𝐶𝐷 ) for every 𝑓 . The set [0, 1] carries the topology in-

herited from the standard topology on R. We also view R ∪ {∞}
as a topological space with a basis of open sets given by all open

intervals (𝑎, 𝑏) for 𝑎, 𝑏 ∈ R, 𝑎 < 𝑏 and additionally all sets of the

form {𝑥 ∈ R | 𝑥 > 𝑎} ∪ {∞}.
A (real-valued) random variable is ameasurable function 𝑋 : 𝑇 →

R ∪ {∞}, i.e., pre-images of elements of 𝐵(R ∪ {∞}) under 𝑋 are

in 𝐵(𝑇 ). If 𝑋 is a real-valued random variable, then the expected
value of 𝑋 (with respect to a probability distribution 𝜔) is denoted
by 𝐸𝜔 [𝑋 ] and is defined via the Lebesgue integral

𝐸𝜔 [𝑋 ] :=

∫
𝑇

𝑋𝑑𝜔.

Recall that the Lebesgue integral

∫
𝑇
𝑋𝑑𝜔 need not exist, in which

case 𝐸𝜔 [𝑋 ] is undefined; otherwise, the integral equals a real num-

ber, ∞, or −∞. The definition and some properties of the Lebesgue

integral, specialised to our setting, can be found in the arXiv version

of the article [11]. Also recall that the expected value is

• linear, i.e., for every 𝑎, 𝑏 ∈ R and random variables 𝑋 , 𝑌

such that 𝐸𝜔 [𝑋 ] and 𝐸𝜔 [𝑌 ] exist and 𝑎𝐸𝜔 [𝑋 ] + 𝑏𝐸𝜔 [𝑌 ] is
defined we have

𝐸𝜔 [𝑎𝑋 + 𝑏𝑌 ] = 𝑎𝐸𝜔 [𝑋 ] + 𝑏𝐸𝜔 [𝑌 ];

• monotone, i.e., if 𝑋,𝑌 are random variables such that 𝐸𝜔 [𝑋 ]
and 𝐸𝜔 [𝑌 ] exist and 𝑋 (𝑓 ) ≤ 𝑌 (𝑓 ) for all 𝑓 ∈ 𝑇 , then

𝐸𝜔 [𝑋 ] ≤ 𝐸𝜔 [𝑌 ].
Let 𝐶 and 𝐷 be sets. In the rest of the paper, we will work ex-

clusively on a topological space 𝐶𝐷
of maps 𝑓 : 𝐷 → 𝐶 and the

special case𝒪
(ℓ )
𝐶

for some ℓ ∈ N (i.e., 𝐷 = 𝐶ℓ
). Note that if𝐶 and 𝐷

are infinite, then these spaces are uncountable and hence there are

probability distributions 𝜔 such that 𝜔 (𝐴) = 0 for every 1-element

set 𝐴. Therefore, in these cases, 𝐸𝜔 [𝑋 ] for a random variable 𝑋

might not be expressible as a sum.
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Definition 5.4 (fractional homomorphism). Let Γ and Δ be
valued 𝜏-structures with domains 𝐶 and 𝐷 , respectively. A fractional

homomorphism from Δ to Γ is a fractional map from 𝐷 to 𝐶 such
that for every 𝑅 ∈ 𝜏 of arity 𝑘 and every tuple 𝑎 ∈ 𝐷𝑘 it holds for the
random variable 𝑋 : 𝐶𝐷 → R ∪ {∞} given by

𝑓 ↦→ 𝑅Γ (𝑓 (𝑎))
that 𝐸𝜔 [𝑋 ] exists and that

𝐸𝜔 [𝑋 ] ≤ 𝑅Δ (𝑎) .
The following lemma shows that if Aut(Γ) is oligomorphic, then

the expected value from Definition 5.4 always exists.

Lemma 5.5. Let𝐶 and𝐷 be sets, 𝑎 ∈ 𝐷𝑘 , 𝑅 ∈ ℛ
(𝑘 )
𝐶

. Let𝑋 : 𝐶𝐷 →
R ∪ {∞} be the random variable given by

𝑓 ↦→ 𝑅(𝑓 (𝑎)) .
If Aut(𝐶;𝑅) is oligomorphic, then 𝐸𝜔 [𝑋 ] exists and 𝐸𝜔 [𝑋 ] > −∞.

Lemma 5.6. Let Γ1, Γ2, Γ3 be countable valued 𝜏-structures such
that there exists a fractional homomorphism 𝜔1 from Γ1 to Γ2 and
a fractional homomorphism 𝜔2 from Γ2 to Γ3. Then there exists a
fractional homomorphism 𝜔3 := 𝜔2 ◦ 𝜔1 from Γ1 to Γ3.

We say that two valued 𝜏-structures Γ and Δ are fractionally
homomorphically equivalent if there exists a fractional homomor-

phisms from Γ to Δ and from Δ to Γ. Clearly, fractional homo-

morphic equivalence is indeed an equivalence relation on valued

structures of the same signature.

Proposition 5.7. Let Γ and Δ be valued 𝜏-structures with oligo-
morphic automorphism groups that are fractionally homomorphically
equivalent. Then VCSP(Γ) and VCSP(Δ) are polynomial-time equiv-
alent.

Remark 5.8. If Γ and Δ are classical relational 𝜏-structures that
are homomorphically equivalent in the classical sense, then they
are fractionally homomorphically equivalent when we view them as
valued structures: ifℎ1 is the homomorphism from Γ to Δ andℎ2 is the
homomorphism from Δ to Γ, then this is witnessed by the fractional
homomorphisms 𝜔1 and 𝜔2 such that 𝜔1 (ℎ1) = 𝜔2 (ℎ2) = 1.

Definition 5.9 (pp-construction). Let Γ,Δ be valued structures.
Then Δ has a pp-construction in Γ if Δ is fractionally homomorphi-
cally equivalent to a structure Δ′ which is a pp-power of Γ.

Combining Proposition 5.2 and Proposition 5.7 gives the follow-

ing.

Corollary 5.10. Let Γ and Δ be valued structures with finite
signatures and oligomorphic automorphism groups such that Δ has a
pp-construction in Γ. Then there is a polynomial-time reduction from
VCSP(Δ) to VCSP(Γ).

Note that the hardness proofs in Examples 4.7 and 4.8 are special

cases of Corollary 5.10. A more involved example uses the rela-

tional structure with a hard CSP introduced below and is shown in

Example 8.18.

Let OIT be the following relation

OIT = {(0, 0, 1), (0, 1, 0), (1, 0, 0)}.
It is well-known (see, e.g., [3]) that CSP({0, 1}; OIT) is NP-complete.

Via Corollary 5.10, the NP-hardness of CSP({0, 1}; OIT) yields:

Corollary 5.11. Let Γ be a valued structure with a finite signature
and oligomorphic automorphism group such that ({0, 1}; OIT) has a
pp-construction in Γ. Then VCSP(Γ) is NP-hard.

We finish this section by the following useful lemma.

Lemma 5.12. The relation of pp-constructibility on the class of
countable valued structures is transitive.

6 FRACTIONAL POLYMORPHISMS
In this section we introduce fractional polymorphisms of valued
structures; they are an important tool for formulating tractability re-

sults and complexity classifications of VCSPs. For valued structures

with a finite domain, our definition specialises to the established

notion of a fractional polymorphism which has been used to study

the complexity of VCSPs for valued structures over finite domains

(see, e.g. [41]). Our approach is different from the one of Schnei-

der and Viola [40, 42] and Viola and Živný [43] in that we work

with arbitrary probability spaces instead of distributions with fi-

nite support or countable additivity property. As we will see in

Section 7, fractional polymorphisms can be used to give sufficient

conditions for tractability of VCSPs of certain valued structures

with oligomorphic automorphism groups. This justifies our more

general notion of a fractional polymorphism, as it might provide a

tractability proof for more problems.

Let 𝒪
(ℓ )
𝐶

be the set of all operations 𝑓 : 𝐶ℓ → 𝐶 on a set 𝐶 of

arity ℓ . We equip 𝒪
(ℓ )
𝐶

with the topology of pointwise convergence,

where 𝐶 is taken to be discrete. That is, the basic open sets are of

the form

𝒮𝑎1,...,𝑎ℓ ,𝑏 := {𝑓 ∈ 𝒪
(ℓ )
𝐶

| 𝑓 (𝑎1, . . . , 𝑎ℓ ) = 𝑏} (1)

where 𝑎1, . . . , 𝑎ℓ , 𝑏 ∈ 𝐶𝑘
, for some 𝑘 ∈ N, and 𝑓 is applied compo-

nentwise. Let

𝒪𝐶 :=
⋃
ℓ∈N

𝒪
(ℓ )
𝐶

.

Definition 6.1 (fractional operation). Let ℓ ∈ N. A frac-

tional operation on 𝐶 of arity ℓ is a probability distribution(
𝒪
(ℓ )
𝐶

, 𝐵(𝒪 (ℓ )
𝐶

), 𝜔 : 𝐵(𝒪 (ℓ )
𝐶

) → [0, 1]
)
.

The set of all fractional operations on𝐶 of arity ℓ is denoted byℱ (ℓ )
𝐶

,

and ℱ𝐶 :=
⋃

ℓ∈Nℱ
(ℓ )
𝐶

.

If the reference to𝐶 is clear, we occasionally omit the subscript𝐶 .

We often use 𝜔 for both the entire fractional operation and for the

map 𝜔 : 𝐵(𝒪 (ℓ )
𝐶

) → [0, 1].

Definition 6.2. A fractional operation 𝜔 ∈ ℱ
(ℓ )
𝐶

improves a

𝑘-ary valued relation 𝑅 ∈ ℛ
(𝑘 )
𝐶

if for all 𝑎1, . . . , 𝑎ℓ ∈ 𝐶𝑘

𝐸 := 𝐸𝜔 [𝑓 ↦→ 𝑅(𝑓 (𝑎1, . . . , 𝑎ℓ ))]
exists and

𝐸 ≤ 1

ℓ

ℓ∑︁
𝑗=1

𝑅(𝑎 𝑗 ). (2)

Note that (2) has the interpretation that the expected value of

𝑅(𝑓 (𝑎1, . . . , 𝑎ℓ )) is at most the average of the values 𝑅(𝑎1), . . . ,
𝑅(𝑎ℓ ). Also note that if 𝑅 is a classical relation improved by a
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fractional operation 𝜔 and 𝜔 (𝑓 ) > 0 for 𝑓 ∈ 𝒪
(ℓ )

, then 𝑓 must

preserve 𝑅 in the usual sense. It follows from Lemma 5.5 that if

Aut(𝐶 ;𝑅) is oligomorphic, then 𝐸𝜔 [𝑓 ↦→ 𝑅(𝑓 (𝑎1, . . . , 𝑎ℓ ))] always
exists and is greater than −∞.

Definition 6.3 (fractional polymorphism). If 𝜔 improves ev-
ery valued relation in Γ, then 𝜔 is called a fractional polymorphism

of Γ; the set of all fractional polymorphisms of Γ is denoted by fPol(Γ).

Remark 6.4. Our notion of fractional polymorphism coincides
with the previously used notions of fractional polymorphisms with
finite support [40, 42] or the countable additivity property [43], since
in this case the expected value on the left-hand side of (2) is equal to
the weighted arithmetic mean.

Remark 6.5. A fractional polymorphism of arity ℓ of a valued
structure Γ might also be viewed as a fractional homomorphism from
a specific ℓ-th pp-power of Γ to Γ, which we denote by Γℓ : if 𝐶 is the
domain and 𝜏 the signature of Γ, then the domain of Γℓ is𝐶ℓ , and for
every 𝑅 ∈ 𝜏 of arity 𝑘 we have

𝑅Γ
ℓ

((𝑎1

1
, . . . , 𝑎1

ℓ ), . . . , (𝑎
𝑘
1
, . . . , 𝑎𝑘ℓ )) :=

1

ℓ

ℓ∑︁
𝑖=1

𝑅Γ (𝑎1

𝑖 , . . . , 𝑎
𝑘
𝑖 ).

Example 6.6. Let 𝜋 ℓ
𝑖

∈ 𝒪
(ℓ )
𝐶

be the 𝑖-th projection of arity ℓ ,
which is given by 𝜋 ℓ

𝑖
(𝑥1, . . . , 𝑥ℓ ) = 𝑥𝑖 . The fractional operation Idℓ of

arity ℓ such that Idℓ (𝜋 ℓ𝑖 ) =
1

ℓ for every 𝑖 ∈ {1, . . . , ℓ} is a fractional
polymorphism of every valued structure with domain 𝐶 .

Let𝒞 ⊆ ℱ𝐶 . We write𝒞
(ℓ )

for𝒞∩ℱ (ℓ )
𝐶

and Imp(𝒞) for the set
of valued relations that are improved by every fractional operation

in 𝒞.

Lemma 6.7. Let 𝑅 ∈ ℛ
(𝑘 )
𝐶

and let Γ be a valued structure with do-
main𝐶 and an automorphism 𝛼 ∈ Aut(Γ) which does not preserve 𝑅.
Then 𝑅 ∉ Imp(fPol(Γ) (1) ).

Parts of the arguments in the proof of the following lemma can

be found in the proof of [42, Lemma 7.2.1]; note that the author

works with a more restrictive notion of fractional operation, so we

cannot reuse her result. However, the arguments can be generalized

to our notion of fractional polymorphism for all countable valued

structures.

Lemma 6.8. For every valued 𝜏-structure Γ over a countable domain
𝐶 we have

⟨Γ⟩ ⊆ Imp(fPol(Γ)).

The following example shows an application of Lemma 6.8.

Example 6.9. Let < be the binary relation on {0, 1} and Γ< the
valued structure from Example 2.2. By definition, Opt(<) ∈ ⟨Γ<⟩.
Denote the minimum operation on {0, 1} by min and let 𝜔 be a
binary fractional operation defined by 𝜔 (min) = 1. Note that 𝜔 ∈
fPol({0, 1}; Opt(<)). However,

<

(
min

((
0

1

)
,

(
0

0

)))
= <(0, 0) = 1,

while (1/2) · <(0, 1) + (1/2) · <(0, 0) = 1/2. This shows that 𝜔 does
not improve < and hence < ∉ ⟨({0, 1}; Opt(<))⟩ by Lemma 6.8.

7 TRACTABILITY VIA CANONICAL
FRACTIONAL POLYMORPHISMS

In this section we make use of a tractability result for finite-domain

VCSPs of Kolmogorov, Krokhin, and Rolinek [31], building on ear-

lier work of Kolmogorov, Thapper, and Živný [32, 41]. To exploit

this result, the key ingredient is a polynomial-time reduction for

VCSPs of valued structures with an oligomorphic automorphism

group satisfying certain assumptions to VCSPs of finite-domain

structures. This reduction is inspired by a similar reduction in the

classical relational setting [8]. We then generalize and adapt several

statements for finite-domain valued structures to be able to use the

complexity classification for finite-domain VCSPs.

Definition 7.1. An operation 𝑓 : 𝐶ℓ → 𝐶 for ℓ ≥ 2 is called
cyclic if

𝑓 (𝑥1, . . . , 𝑥ℓ ) = 𝑓 (𝑥2, . . . , 𝑥ℓ , 𝑥1)
for all 𝑥1, . . . , 𝑥ℓ ∈ 𝐶 . Let Cyc

(ℓ )
𝐶

⊆ 𝒪
(ℓ )
𝐶

be the set of all operations
on 𝐶 of arity ℓ that are cyclic.

If𝐺 is a permutation group on a set𝐶 , then𝐺 denotes the closure

of 𝐺 in the space of functions from 𝐶 → 𝐶 with respect to the

topology of pointwise convergence. Note that 𝐺 might contain

some operations that are not surjective, but if 𝐺 = Aut(𝔅) for
some structure 𝔅, then all operations in 𝐺 are still embeddings of

𝔅 into 𝔅 that preserve all first-order formulas.

Definition 7.2. Let 𝐺 be a permutation group on the set 𝐶 . An
operation 𝑓 : 𝐶ℓ → 𝐶 is called pseudo cyclic with respect to 𝐺 if
there are 𝑒1, 𝑒2 ∈ 𝐺 such that for all 𝑥1, . . . , 𝑥ℓ ∈ 𝐶

𝑒1 (𝑓 (𝑥1, . . . , 𝑥ℓ )) = 𝑒2 (𝑓 (𝑥2, . . . , 𝑥ℓ , 𝑥1)) .

Let PC
(ℓ )
𝐺

⊆ 𝒪
(ℓ )
𝐶

be the set of all operations on 𝐶 of arity ℓ that are
pseudo cyclic with respect to 𝐺 .

Note that PC
(ℓ )
𝐺

∈ 𝐵(𝒪 (ℓ )
𝐶

). Indeed, the complement can be

written as a countable union of sets of the form 𝒮𝑎1,...,𝑎ℓ ,𝑏 where

for all 𝑓 ∈ 𝒪
(ℓ )
𝐶

the tuples 𝑓 (𝑎1, . . . , 𝑎ℓ ) and 𝑓 (𝑎2, . . . , 𝑎ℓ , 𝑎1) lie in
different orbits with respect to 𝐺 .

Definition 7.3. Let 𝐺 be a permutation group with domain 𝐶 .
An operation 𝑓 : 𝐶ℓ → 𝐶 for ℓ ≥ 2 is called canonical with respect

to 𝐺 if for all 𝑘 ∈ N and 𝑎1, . . . , 𝑎ℓ ∈ 𝐶𝑘 the orbit of the 𝑘-tuple
𝑓 (𝑎1, . . . , 𝑎ℓ ) only depends on the orbits of 𝑎1, . . . , 𝑎ℓ with respect
to 𝐺 . Let Can

(ℓ )
𝐺

⊆ 𝒪
(ℓ )
𝐶

be the set of all operations on 𝐶 of arity ℓ

that are canonical with respect to 𝐺 .

Remark 7.4. Note that if ℎ is an operation over 𝐶 of arity ℓ which
is canonical with respect to 𝐺 , then ℎ induces for every 𝑘 ∈ N an
operation ℎ∗ of arity ℓ on the orbits of 𝑘-tuples of 𝐺 . Note that if ℎ is
pseudo cyclic with respect to 𝐺 , then ℎ∗ is cyclic.

Note that Can
(ℓ )
𝐺

∈ 𝐵(𝒪 (ℓ )
𝐶

), since the complement is a countable

union of sets of the form 𝒮𝑎1,...,𝑎ℓ ,𝑏 ∩ 𝒮𝑐1,...,𝑐ℓ ,𝑑 where for all 𝑖 ∈
{1, . . . , ℓ} the tuples 𝑎𝑖 and 𝑐𝑖 lie in the same orbit with respect to𝐺 ,

but 𝑏 and 𝑑 do not.

Definition 7.5. A fractional operation 𝜔 is called pseudo cyclic

with respect to 𝐺 if for every 𝐴 ∈ 𝐵(𝒪 (ℓ )
𝐶

) we have 𝜔 (𝐴) = 𝜔 (𝐴 ∩
PC

(ℓ )
𝐺

). Canonicity with respect to 𝐺 and cyclicity for fractional op-
erations are defined analogously.
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We refer to Section 8.3 for examples of concrete fractional poly-

morphisms of valued structures Γ that are cyclic and canonical with

respect to Aut(Γ). We may omit the specification ‘with respect to

𝐺 ’ when 𝐺 is clear from the context.

We prove below that canonical pseudo cyclic fractional polymor-

phisms imply polynomial-time tractability of the corresponding

VCSP, by reducing to a tractable VCSP over a finite domain. Moti-

vated by Theorem 3.4 and the infinite-domain tractability conjec-

ture from [10], we state these results for valued structures related

to finitely bounded homogeneous structures.

Definition 7.6 (Γ∗𝑚). Let Γ be a valued structure with signature 𝜏
such that Aut(Γ) contains the automorphism group of a homogeneous
structure𝔅 with a finite relational signature. Let𝑚 be at least as large
as the maximal arity of the relations of 𝔅. Let Γ∗𝑚 be the following
valued structure.

• The domain of Γ∗𝑚 is the set of orbits of𝑚-tuples of Aut(Γ).
• For every 𝑅 ∈ 𝜏 of arity 𝑘 ≤ 𝑚 the signature of Γ∗𝑚 contains
a unary relation symbol 𝑅∗, which denotes in Γ∗𝑚 the unary
valued relation that returns on the orbit of an 𝑚-tuple 𝑡 =

(𝑡1, . . . , 𝑡𝑚) the value of 𝑅Γ (𝑡1, . . . , 𝑡𝑘 ) (this is well-defined as
the value is the same for all representatives 𝑡 of the orbit).

• For every 𝑝 ∈ {1, . . . ,𝑚} and 𝑖, 𝑗 : {1, . . . , 𝑝} → {1, . . . ,𝑚}
there exists a binary relation 𝐶𝑖, 𝑗 which returns 0 for two
orbits of𝑚-tuples 𝑂1 and 𝑂2 if for every 𝑠 ∈ 𝑂1 and 𝑡 ∈ 𝑂2

we have that (𝑠𝑖 (1) , . . . , 𝑠𝑖 (𝑝 ) ) and (𝑡 𝑗 (1) , . . . , 𝑡 𝑗 (𝑝 ) ) lie in the
same orbit of 𝑝-tuples of Aut(Γ), and returns∞ otherwise.

Note that Aut(𝔅) and hence Aut(Γ) has finitely many orbits of

𝑘-tuples for every 𝑘 ∈ N and therefore Γ∗𝑚 has a finite domain. The

following generalises a known reduction for CSPs from [8].

Theorem 7.7. Let Γ be a valued structure such that Aut(Γ) equals
the automorphism group of a finitely bounded homogeneous structure
𝔅. Let 𝑟 be the maximal arity of the relations of 𝔅 and the valued
relations in Γ, let 𝑣 be the maximal number of variables that appear
in a single conjunct of the universal sentence𝜓 that describes the age
of 𝔅, and let𝑚 ≥ max(𝑟 + 1, 𝑣, 3). Then there is a polynomial-time
reduction from VCSP(Γ) to VCSP(Γ∗𝑚).

For studying canonical operations, we can use known results

about operations on finite domains.

Definition 7.8. Let 𝜔 be a fractional operation of arity ℓ on a
finite domain 𝐶 . Then the support of 𝜔 is the set

Supp(𝜔) = {𝑓 ∈ 𝒪
(ℓ )
𝐶

| 𝜔 (𝑓 ) > 0}.
If ℱ is a set of fractional operations, then

Supp(ℱ) :=
⋃
𝜔∈ℱ

Supp(𝜔) .

Note that, a fractional operation 𝜔 on a finite domain is deter-

mined by the values 𝜔 (𝑓 ), 𝑓 ∈ Supp(𝜔), in contrast to fractional

operations on infinite domains. Moreover, a fractional polymor-

phism 𝜔 of a valued structure with a finite domain is cyclic if and

only if all operations in its support are cyclic, in accordance to the

definitions from [33]. An operation 𝑓 : 𝐶4 → 𝐶 is called Siggers if
𝑓 (𝑎, 𝑟, 𝑒, 𝑎) = 𝑓 (𝑟, 𝑎, 𝑟, 𝑒) for all 𝑎, 𝑟, 𝑒 ∈ 𝐶 .

Lemma 7.9. Let Γ and Δ be valued structures with finite domains
that are fractionally homomorphically equivalent.

• If Γ has a cyclic fractional polymorphism, then Δ has a cyclic
fractional polymorphism of the same arity.

• If the set Supp(fPol(Γ)) contains a cyclic operation, then the
set Supp(fPol(Δ)) contains a cyclic operation of the same arity.

The following lemma is a variation of Proposition 39 from [33],

which is phrased there only for valued structures Γ that are cores

and for idempotent cyclic operations.

Lemma 7.10. Let Γ be a valued structure over a finite domain. Then
Γ has a cyclic fractional polymorphism if and only if Supp(fPol(Γ))
contains a cyclic operation.

The following outstanding result classifies the computational

complexity of VCSPs for valued structures over finite domains; it

does not appear in this form in the literature, but it can be derived

from results in [12, 31, 33, 44, 45].

Theorem 7.11. Let Γ be a valued structure with a finite signature
and a finite domain. If ({0, 1}; OIT) does not have a pp-construction
in Γ, then Γ has a fractional cyclic polymorphism, and VCSP(Γ) is in
P, and it is NP-hard otherwise.

The problem of deciding for a given valued structure Γ with finite
domain and finite signature whether Γ satisfies the condition given

in the previous theorem can be solved in exponential time [30]. We

now state consequences of this result for certain valued structures

with an infinite domain.

Proposition 7.12. Let 𝔅 be a finitely bounded homogeneous
structure and let Γ be a valued structure with finite relational signature
such that Aut(Γ) = Aut(𝔅). Let𝑚 be as in Theorem 7.7. Then the
following are equivalent.

(1) fPol(Γ) contains a fractional operation which is canonical and
pseudo cyclic with respect to Aut(𝔅);

(2) fPol(Γ∗𝑚) contains a cyclic fractional operation;
(3) Supp(fPol(Γ∗𝑚)) contains a cyclic operation.
(4) Supp(fPol(Γ∗𝑚)) contains a Siggers operation.

Note that item (4) in the previous proposition can be decided

algorithmically for a given valued structure Γ∗𝑚 (which has a finite

domain and finite signature) by testing all 4-ary operations on Γ∗𝑚 .

Theorem 7.13. If the conditions from Proposition 7.12 hold, then
VCSP(Γ) is in P.

8 APPLICATION: RESILIENCE
We introduce the resilience problem for conjunctive queries and,

more generally, unions of conjunctive queries. We generally work

with Boolean queries, i.e., queries without free variables. A con-
junctive query is a primitive positive 𝜏-sentence and a union of
conjunctive queries is a (finite) disjunction of conjunctive queries.

Note that every existential positive sentence can be written as a

union of conjunctive queries.

Let 𝜏 be a finite relational signature and 𝜇 a conjunctive query

over 𝜏 . The input to the resilience problem for 𝜇 consists of a finite

𝜏-structure 𝔄, called a database1, and the task is to compute the

number of tuples that have to be removed from relations of 𝔄 so

1
To be precise, a finite relational structure is not exactly the same as a database

because the latter may not contain elements that are not contained in any relation.

This difference, however, is inessential for the problems studied in this paper.
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Fixed: a relational signature 𝜏 , a subset 𝜎 ⊆ 𝜏 , and a union 𝜇

of conjuctive queries over 𝜏 .

Input: A bag database 𝔄 in signature 𝜏 and 𝑢 ∈ N.
𝑚 := minimal number of tuples to be removed

from the relations in {𝑅𝔄 | 𝑅 ∈ 𝜏 \ 𝜎} so that 𝔄 ̸ |= 𝜇.

Output: Is𝑚 ≤ 𝑢?

Figure 1: The resilience problem considered in this paper.

that 𝔄 does not satisfy 𝜇. This number is called the resilience of
𝔄 (with respect to 𝜇). As usual, this can be turned into a decision

problem where the input also contains a natural number 𝑢 ∈ N and

the question is whether the resilience is at most 𝑢. Clearly, 𝔄 does

not satisfy 𝜇 if and only if its resilience is 0.

A natural variation of the problem is that the input database is a

bag database, meaning that it may contain tuples withmultiplicities.
Formally, a bag database is a valued structure with all weights

(which represent multiplicities) taken from N. In this paper, we

focus on bag databases whose relevance has already been discussed

in the introduction.

The basic resilience problem defined above can be generalized

by admitting the decoration of databases with a subsignature 𝜎 ⊆ 𝜏 ,

in this way declaring all tuples in 𝑅𝔄 , 𝑅 ∈ 𝜎 , to be exogenous. This
means that we are not allowed to remove such tuples from 𝔄 to

make 𝜇 false; the tuples in the other relations are then called en-
dogenous. For brevity, we also refer to the relations in 𝜎 as being

exogenous and those in 𝜏 \ 𝜎 as being endogenous. If not specified,

then 𝜎 = ∅, i.e., all tuples are endogenous. As an alternative, one

may also declare individual tuples as being endogenous or exoge-

nous. Under bag semantics, however, this case can be reduced to

the one studied here (see Remark 8.15). The resilience problem that

we study is summarized in Figure 1.

The canonical database of a conjunctive query 𝜇 with relational

signature 𝜏 is the 𝜏-structure 𝔄 whose domain are the variables of

𝜇 and where 𝑎 ∈ 𝑅𝔄 for 𝑅 ∈ 𝜏 if and only if 𝜇 contains the conjunct

𝑅(𝑎). Conversely, the canonical query of a relational 𝜏-structure 𝔄

is the conjunctive query whose variable set is the domain 𝐴 of 𝔄,

and which contains for every 𝑅 ∈ 𝜏 and 𝑎 ∈ 𝑅𝔄 the conjunct 𝑅(𝑎).

Remark 8.1. For every conjunctive query 𝜇, the resilience problem
for 𝜇 parameterized by the threshold 𝑢 is fixed-parameter tractable
(FPT, which we refrain from defining here, see [18]). Indeed, there
is a parameterized reduction to 𝑘-Hitting Set parametrized by the
threshold𝑢, which is known to be FPT [18].2 The reduction is as follows.
Let 𝜏 be the signature of 𝜇, 𝑘 the number of conjuncts of 𝜇, and 𝔄 an
input database. Construct a 𝑘-uniform hypergraph 𝐻 where

• the vertices take the form ⟨𝑅(𝑎), 𝑖⟩ with 𝑅 ∈ 𝜏 , 𝑎 ∈ 𝑅𝔄 , and
𝑖 ≥ 1 bounded by the multiplicity of 𝑎 in 𝑅𝔄 and

• every homomorphism ℎ from the canonical database of 𝜇 to 𝔄
gives rise to an hyperedge {⟨𝑅1 (ℎ(𝑥1), 𝑖1⟩, . . . , ⟨𝑅ℓ (ℎ(𝑥 ℓ ), 𝑖ℓ ⟩}
where 𝑅1 (𝑥1), . . . , 𝑅ℓ (𝑥 ℓ ) are the atoms in 𝜇 and each 𝑖 𝑗 is
bounded by the multiplicity of ℎ(𝑥 𝑗 ) in 𝑅𝔄 .

2
We thank Peter Jonsson and George Osipov for suggesting this remark to us and

letting us include it in this paper.

x y z 0 1

Figure 2: The query 𝜇 from Example 8.2 (on the left) and the
corresponding structure 𝔅 (on the right).

Then 𝜇 has resilience at most 𝑢 with respect to 𝔄 if and only if there is
a set of vertices of 𝐻 of size at most 𝑢 that intersects every hyperedge.

We next explain how to represent resilience problems as VCSPs

using appropriately chosen valued structures with oligomorphic

automorphism groups.

Example 8.2. The following query is taken from Meliou, Gatter-
bauer, Moore, and Suciu [37]; they show how to solve its resilience
problem without multiplicities in polynomial time by a reduction to a
max-flow problem. Let 𝜇 be the query

∃𝑥,𝑦, 𝑧
(
𝑅(𝑥,𝑦) ∧ 𝑆 (𝑦, 𝑧)

)
.

Observe that a finite 𝜏-structure satisfies 𝜇 if and only if it does
not have a homomorphism to the 𝜏-structure 𝔅 with domain 𝐵 =

{0, 1} and the relations 𝑅𝔅 = {(0, 1), (1, 1)} and 𝑆𝔅 = {(0, 0), (0, 1)}
(see Figure 2). We turn 𝔅 into the valued structure Γ with domain
{0, 1} where 𝑅Γ (0, 1) = 𝑅Γ (1, 1) = 0 = 𝑆Γ (0, 0) = 𝑆Γ (0, 1) and
𝑅Γ and 𝑆Γ take value 1 otherwise. Then VCSP(Γ) is precisely the
resilience problem for 𝜇 (with multiplicities). Our results reprove the
result from [36] that even with multiplicities, the problem can be
solved in polynomial time (see Theorem 7.13, Proposition 8.14, and
Example 8.11).

Example 8.3. Let 𝜇 be the conjunctive query

∃𝑥,𝑦, 𝑧 (𝑅(𝑥,𝑦) ∧ 𝑆 (𝑥,𝑦, 𝑧)).
This query is linear in the sense of Freire, Gatterbauer, Immerman,
and Meliou and thus its resilience problem without multiplicities can
be solved in polynomial time (Theorem 4.5 in [37]; also see Fact 3.18
in [20]). Our results reprove the result from [36] that this problem re-
mains polynomial-time solvable with multiplicities (see Theorem 7.13,
Proposition 8.14 and Example 8.16).

8.1 Connectivity
We show that when classifying the resilience problem for conjunc-

tive queries, it suffices to consider queries that are connected.

A 𝜏-structure is connected if it cannot be written as the disjoint

union of two 𝜏-structures with non-empty domains.

Remark 8.4. All terminology introduced for 𝜏-structures also ap-
plies to conjunctive queries with signature 𝜏 : by definition, the query
has the property if the canonical database has the property.

Lemma 8.5. Let 𝜈1, . . . , 𝜈𝑘 be conjunctive queries such that 𝜈𝑖 does
not imply 𝜈 𝑗 if 𝑖 ≠ 𝑗 . Let 𝜈 = 𝜈1 ∧ · · · ∧ 𝜈𝑘 and suppose that 𝜈
occurs in a union 𝜇 of conjunctive queries. For 𝑖 ∈ {1, . . . , 𝑘}, let 𝜇𝑖
be the union of queries obtained by replacing 𝜈 by 𝜈𝑖 in 𝜇. Then the
resilience problem for 𝜇 is NP-hard if the resilience problem for one of
the 𝜇𝑖 is NP-hard. Conversely, if the resilience problem is in P (in NP)
for each 𝜇𝑖 , then the resilience problem for 𝜇 is in P as well (in NP,
respectively). The same is true in the setting without multiplicities
and/or exogeneous relations.
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By applying Lemma 8.5 finitelymany times, we obtain that, when

classifying the complexity of the resilience problem for unions of

conjunctive queries, we may restrict our attention to unions of

connected conjunctive queries.

8.2 Finite Duals
If 𝜇 is a union of conjunctive queries with signature 𝜏 , then a dual
of 𝜇 is a 𝜏-structure 𝔅 with the property that a finite 𝜏-structure

𝔄 has a homomorphism to 𝔅 if and only if 𝔄 does not satisfy 𝜇.

The conjunctive query in Example 8.2, for instance, even has a

finite dual. There is an elegant characterisation of the (unions of)

conjunctive queries that have a finite dual. To state it, we need

some basic terminology from database theory.

Definition 8.6. The incidence graph of a relational 𝜏-structure
𝔄 is the bipartite undirected multigraph whose first colour class is 𝐴,
and whose second colour class consists of expressions of the form 𝑅(𝑏)
where 𝑅 ∈ 𝜏 has arity 𝑘 , 𝑏 ∈ 𝐴𝑘 , and 𝔄 |= 𝑅(𝑏). An edge 𝑒𝑎,𝑖,𝑅 (𝑏 )
joins 𝑎 ∈ 𝐴 with 𝑅(𝑏) if 𝑏𝑖 = 𝑎. A structure is called incidence-

acyclic (also known as Berge-acyclic) if its incidence graph is acyclic,
i.e., it contains no cycles (if two vertices are linked by two different
edges, then they establish a cycle). A structure is called a tree if it is
incidence-acyclic and connected in the sense defined in Section 8.1.

What follows is due to Nešetřil and Tardif [39]; see also [19, 35].

Theorem 8.7. A conjunctive query 𝜇 has a finite dual if and only if
the canonical database of 𝜇 is homomorphically equivalent to a tree. A
union of conjunctive queries has a finite dual if and only if the canon-
ical database for each of the conjunctive queries is homomorphically
equivalent to a tree.

The theorem shows that in particular Example 8.3 does not have

a finite dual, since the query given there is not incidence-acyclic

and hence cannot be homomorphically equivalent to a tree. To

construct valued structures from duals, we introduce the following

notation.

Definition 8.8. Let𝔅 be a 𝜏-structure and 𝜎 ⊆ 𝜏 . Define Γ(𝔅, 𝜎)
to be the valued 𝜏-structure on the same domain as 𝔅 such that

• for each 𝑅 ∈ 𝜏 \ 𝜎 , 𝑅Γ (𝔅,𝜎 ) (𝑎) := 0 if 𝑎 ∈ 𝑅𝔅

and 𝑅Γ (𝔅,𝜎 ) (𝑎) := 1 otherwise, and
• for each 𝑅 ∈ 𝜎 , 𝑅Γ (𝔅,𝜎 ) (𝑎) := 0 if 𝑎 ∈ 𝑅𝔅

and 𝑅Γ (𝔅,𝜎 ) (𝑎) := ∞ otherwise.

Note that Aut(𝔅) = Aut(Γ(𝔅, 𝜎)) for any 𝜏-structure 𝔅 and

any 𝜎 . In the following result we use a correspondence between

resilience problems for incidence-acyclic conjunctive queries and

valued CSPs. The result then follows from the P versus NP-complete

dichotomy theorem for valued CSPs over finite domains stated in

Theorem 7.11.

Theorem 8.9. Let 𝜇 be a union of incidence-acyclic conjunctive
queries with relational signature 𝜏 and let 𝜎 ⊆ 𝜏 . Then the resilience
problem for 𝜇 with exogenous relations from 𝜎 is in P or NP-complete.
Moreover, it is decidable whether the resilience problem for a given
union of incidence-acyclic conjunctive queries is in P. If 𝜇 is a union of
queries each of which is homomorphically equivalent to a tree and𝔅 is
the finite dual of 𝜇 (which exists by Theorem 8.7), thenVCSP(Γ(𝔅, 𝜎))
is polynomial-time equivalent to the resilience problem for 𝜇 with
exogenous relations from 𝜎 .

Remark 8.10. Wemention that Theorem 8.9 also applies to (2-way)
regular path queries, which can be shown to always have a finite dual,
more details can be found in [11].

Theorem 8.9 can be combined with the tractability results for

VCSPs from Section 7 that use fractional polymorphisms. To illus-

trate fractional polymorphisms and how to find them, we revisit

a known tractable resilience problem from [20–22, 37] and show

that it has a fractional canonical pseudo cyclic polymorphism.

Example 8.11. We revisit Example 8.2. Consider again the con-
junctive query

∃𝑥,𝑦, 𝑧 (𝑅(𝑥,𝑦) ∧ 𝑆 (𝑦, 𝑧)).
There is a finite dual 𝔅 of 𝜇 with domain {0, 1} which is finitely
bounded homogeneous, as described in Example 8.2. That example
also describes a valued structure Γ which is actually Γ(𝔅, ∅). Let𝜔 be
the fractional cyclic operation given by𝜔 (min) = 𝜔 (max) = 1

2
. Since

Aut(Γ) is trivial, 𝜔 is canonical. The fractional operation 𝜔 improves
both valued relations 𝑅 and 𝑆 (they are submodular; see, e.g., [34])
and hence is a canonical cyclic fractional polymorphism of Γ.

Combining Theorem 7.13 and 8.9, Example 8.11 reproves the re-

sults from [21] (without multiplicities) and [36] (with multiplicities)

that the resilience problem for this query is in P.

8.3 Infinite Duals
Conjunctive queries might not have a finite dual (see Example 8.3),

but unions of connected conjunctive queries always have a count-

ably infinite dual. Cherlin, Shelah and Shi [15] showed that in this

case we may even find a dual with an oligomorphic automorphism

group (see Theorem 8.12 below). This is the key insight to phrase

resilience problems as VCSPs for valued structures with oligomor-

phic automorphism groups. The not necessarily connected case

again reduces to the connected case by Lemma 8.5.

In Theorem 8.12 below we state a variant of a theorem of Cherlin,

Shelah, and Shi [15] (also see [3, 26, 27]). If𝔅 is a structure, we write

𝔅
pp(𝑚) for the expansion of 𝔅 by all relations that can be defined

with a connected primitive positive formula (see Remark 8.4) with

at most𝑚 variables, at least one free variable, and without equality.

For a union of conjunctive queries 𝜇 over the signature 𝜏 , we write

|𝜇 | for the maximum of the number of variables of each conjunctive

query in 𝜇, the maximal arity of 𝜏 , and 2.

Theorem 8.12. For every union 𝜇 of connected conjunctive queries
over a finite relational signature 𝜏 there exists a 𝜏-structure 𝔅𝜇 such
that the following statements hold:

(1) (𝔅𝜇 )pp( |𝜇 | ) is homogeneous.
(2) Age(𝔅pp( |𝜇 | ) ) is the class of all substructures of structures of

the form 𝔄pp( |𝜇 | ) for a finite structure 𝔄 that satisfies ¬𝜇.
(3) A countable 𝜏-structure 𝔄 satisfies ¬𝜇 if and only if it embeds

into 𝔅𝜇 .
(4) 𝔅𝜇 is finitely bounded.
(5) Aut(𝔅𝜇 ) is oligomorphic.
(6) (𝔅𝜇 )pp( |𝜇 | ) is finitely bounded.

By Properties (1) and (6) of Theorem 8.12, 𝔅𝜇 is always a reduct

of a finitely bounded homogeneous structure. For short, we write

Γ𝜇 for Γ(𝔅𝜇 , ∅) and Γ𝜇,𝜎 for Γ(𝔅𝜇 , 𝜎), see Definition 8.8. For some

queries 𝜇, the structure 𝔅𝜇 can be replaced by a simpler structure
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ℭ𝜇 . This will be convenient for some examples that we consider

later, because the structureℭ𝜇 is finitely bounded and homogeneous

itself and hence admits the application of Theorem 7.13. To define

the respective class of queries, we need the following definition.

The Gaifman graph of a relational structure 𝔄 is the undirected

graph with vertex set 𝐴 where 𝑎, 𝑏 ∈ 𝐴 are adjacent if and only if

𝑎 ≠ 𝑏 and there exists a tuple in a relation of 𝔄 that contains both

𝑎 and 𝑏. The Gaifman graph of a conjunctive query is the Gaifman

graph of the canonical database of that query.

Theorem 8.13. For every union 𝜇 of connected conjunctive queries
over a finite relational signature 𝜏 such that the Gaifman graph of
each of the conjunctive queries in 𝜇 is complete, there exists a countable
𝜏-structure ℭ𝜇 such that the following statements hold:

(1) ℭ𝜇 is homogeneous.
(2) Age(ℭ𝜇 ) is the class of all finite structures 𝔄 that satisfy ¬𝜇.

Moreover, ℭ𝜇 is finitely bounded, Aut(ℭ𝜇 ) is oligomorphic, and a
countable 𝜏-structure satisfies ¬𝜇 if and only if it embeds into ℭ𝜇 .

Note thatℭ𝜇 is homomorphically equivalent to𝔅𝜇 by [3, Lemma

4.1.7]. Therefore, Γ(ℭ𝜇 , 𝜎) is homomorphically equivalent to Γ𝜇,𝜎
for any 𝜎 ⊆ 𝜏 .

The following proposition follows straightforwardly from the

definitions and provides a valued constraint satisfaction problem

that is polynomial-time equivalent to the resilience problem for 𝜇,

similar to Theorem 8.9.

Proposition 8.14. The resilience problem for a union of connected
conjunctive queries 𝜇 where the relations from 𝜎 ⊆ 𝜏 are exogenous is
polynomial-time equivalent to VCSP(Γ(𝔅, 𝜎)) for any dual 𝔅 of 𝜇;
in particular, to VCSP(Γ𝜇,𝜎 ).

In [36] one may find a seemingly more general notion of ex-

ogenous tuples, where in a single relation there might be both

endogenous and exogenous tuples. However, one can show that

classifying the complexity of resilience problems according to our

original definition also entails a classification of this variant, using

the operator Opt and a similar reduction as in Proposition 8.14.

Remark 8.15. Consider a union 𝜇 of conjunctive queries with the
signature 𝜏 , let 𝜎 ⊆ 𝜏 , and let 𝜌 ⊆ 𝜏 \ 𝜎 . Suppose we would like
to model the resilience problem for 𝜇 where the relations in 𝜎 are
exogenous and the relations in 𝜌 might contain both endogenous
and exogenous tuples. Let 𝔅 be a dual of 𝜇 and Γ be the expansion
of Γ(𝔅, 𝜎) where for every relational symbol 𝑅 ∈ 𝜌 , there is also
a relation (𝑅𝑥 )Γ = 𝑅𝔅, i.e., a classical relation that takes values 0

and∞. The resilience problem for 𝜇 with exogenous tuples specified
as above is polynomial-time equivalent to VCSP(Γ) by analogous
reductions as in Proposition 8.14. Note that (𝑅𝑥 )Γ = Opt

(
𝑅Γ (𝔅,𝜎 ) )

for every 𝑅 ∈ 𝜌 , and therefore by Lemma 4.6, VCSP(Γ) is polynomial-
time equivalent to VCSP(Γ(𝔅, 𝜎)) and thus to the resilience problem
for 𝜇 where the relations in 𝜎 are exogeneous and the relations in 𝜏 \𝜎
are purely endogeneous. This justifies the restriction to our setting
for exogenous tuples. Moreover, the same argument shows that if
resilience of 𝜇 with all tuples endogenous is in P, then all variants of
resilience of 𝜇 with exogenous tuples are in P as well.

Similarly as in Example 8.11, Proposition 8.14 can be combined

with the tractability results for VCSPs from Section 7 that use frac-

tional polymorphisms to prove tractability of resilience problems.

Example 8.16. We revisit Example 8.3. Consider the conjunctive
query ∃𝑥,𝑦, 𝑧 (𝑅(𝑥,𝑦) ∧ 𝑆 (𝑥,𝑦, 𝑧)) over the signature 𝜏 = {𝑅, 𝑆}.
Note that the Gaifman graph of 𝜇 is complete; let ℭ𝜇 be the structure
from Theorem 8.13. We construct a binary pseudo cyclic canonical
fractional polymorphism of Γ(ℭ𝜇 , ∅). Let𝔐 be the 𝜏-structure with
domain (𝐶𝜇 )2 and where

• ((𝑏1

1
, 𝑏2

1
), (𝑏1

2
, 𝑏2

2
)) ∈ 𝑅𝔐 if (𝑏1

1
, 𝑏1

2
) ∈ 𝑅ℭ𝜇 and (𝑏2

1
, 𝑏2

2
) ∈ 𝑅ℭ𝜇

• ((𝑏1

1
, 𝑏2

1
), (𝑏1

2
, 𝑏2

2
), (𝑏1

3
, 𝑏2

3
)) ∈ 𝑆𝔐 if (𝑏1

1
, 𝑏1

2
, 𝑏1

3
) ∈ 𝑆ℭ𝜇 or

(𝑏2

1
, 𝑏2

2
, 𝑏2

3
) ∈ 𝑆ℭ𝜇 .

Similarly, let 𝔑 be the 𝜏-structure with domain (𝐶𝜇 )2 and where

• ((𝑏1

1
, 𝑏2

1
), (𝑏1

2
, 𝑏2

2
)) ∈ 𝑅𝔑 if (𝑏1

1
, 𝑏1

2
) ∈ 𝑅ℭ𝜇 or (𝑏2

1
, 𝑏2

2
) ∈ 𝑅ℭ𝜇 ,

• ((𝑏1

1
, 𝑏2

1
), (𝑏1

2
, 𝑏2

2
), (𝑏1

3
, 𝑏2

3
)) ∈ 𝑆𝔑 if (𝑏1

1
, 𝑏1

2
, 𝑏1

3
) ∈ 𝑆ℭ𝜇 and

(𝑏2

1
, 𝑏2

2
, 𝑏2

3
) ∈ 𝑆ℭ𝜇 .

Note that 𝔐 ̸ |= 𝜇 and 𝔑 ̸ |= 𝜇 and hence there are embeddings
𝑓 : 𝔐 → ℭ𝜇 and 𝑔 : 𝔑 → ℭ𝜇 . Clearly, both 𝑓 and 𝑔 regarded as
operations on the set 𝐶𝜇 are pseudo cyclic (but in general not cyclic)
and canonical with respect to Aut(ℭ𝜇 ) (see Claim 6 in Proposition 8.19
for a detailed argument of this type). Let 𝜔 be the fractional operation
given by 𝜔 (𝑓 ) = 1

2
and 𝜔 (𝑔) = 1

2
. Then 𝜔 is a binary fractional

polymorphism of Γ := Γ(ℭ𝜇 , ∅): for 𝑏1, 𝑏2 ∈ (𝐶𝜇 )2 we have∑︁
ℎ∈𝒪 (2)

𝜔 (ℎ)𝑅Γ (ℎ(𝑏1, 𝑏2)) = 1

2

𝑅Γ (𝑓 (𝑏1, 𝑏2)) + 1

2

𝑅Γ (𝑔(𝑏1, 𝑏2))

=
1

2

2∑︁
𝑗=1

𝑅Γ (𝑏 𝑗 ). (3)

so 𝜔 improves 𝑅, and similarly we see that 𝜔 improves 𝑆 .
We proved that the corresponding valued structure has a binary

canonical pseudo cyclic fractional polymorphism. By Theorem 7.13
and 8.14, this reproves the results from [21] (without multiplicities)
and [36] (with multiplicities) that the resilience problem for this query
is in P.

8.4 The Resilience Tractability Conjecture
In this section we present a conjecture which implies, together with

Corollary 5.11 and Lemma 8.5, a P versus NP-complete dichotomy

for resilience problems for finite unions of conjunctive queries.

Conjecture 8.17. Let 𝜇 be a union of connected conjunctive
queries over the signature𝜏 , and let𝜎 ⊆ 𝜏 . If the structure ({0, 1}; OIT)
has no pp-construction in Γ := Γ𝜇,𝜎 , then Γ has a fractional polymor-
phism of arity ℓ ≥ 2 which is canonical and pseudo cyclic with respect
to Aut(Γ) (and in this case, VCSP(Γ) is in P by Theorem 7.13).

The conjecture is intentionally only formulated for VCSPs that

stem from resilience problems, because it is known to be false for

the more general situation of VCSPs for valued structures Γ that

have the same automorphisms as a reduct of a finitely bounded

homogeneous structure [3] (Section 12.9.1; the counterexample is

even a CSP). However, the structures 𝔅𝜇 from Theorem 8.12 that

we need to formulate resilience problems as VCSPs are particu-

larly well-behaved for the universal-algebraic approach and more

specifically, for canonical operations (see, e.g., [4, 6, 38]), which is

why we believe in the strong formulation of Conjecture 8.17. See

Conjecture 9.3 for a conjecture that could hold for VCSPs in the
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more general setting of reducts of finitely bounded homogeneous

structures.

For the following conjunctive query 𝜇, the NP-hardness of the

resilience problem without multiplicities was shown in [21]; to

illustrate our condition, we verify that the structure ({0, 1}; OIT)
has a pp-construction in Γ𝜇 and thus prove in a different way that

the resilience problem (with multiplicities) for 𝜇 is NP-hard.

Example 8.18 (Triangle qery). Let 𝜏 be the signature that
consists of three binary relation symbols 𝑅, 𝑆 , and 𝑇 , and let 𝜇 be the
conjunctive query

∃𝑥,𝑦, 𝑧
(
𝑅(𝑥,𝑦) ∧ 𝑆 (𝑦, 𝑧) ∧𝑇 (𝑧, 𝑥)

)
.

The resilience problem without multiplicities for 𝜇 is NP-complete [21],
and hence VCSP(Γ𝜇 ) is NP-hard (Proposition 8.14). Since the Gaifman
graph of 𝜇 is NP-complete, the structure ℭ𝜇 from Theorem 8.13 exists.
Let Γ := Γ(ℭ𝜇 , ∅). We provide a pp-construction of ({0, 1}; OIT) in Γ,
which also proves NP-hardness of VCSP(Γ) and hence the resilience
problem of 𝜇 with multiplicities by Corollary 5.11. Since Γ is homo-
morphically equivalent to Γ𝜇 , this also provides a pp-construction of
({0, 1}; OIT) in Γ𝜇 (see Lemma 5.12).

Let 𝐶 be the domain of Γ. Denote the relations Opt(𝑅), Opt(𝑆),
Opt(𝑇 ) by 𝑅∗, 𝑆∗, 𝑇 ∗, respectively. In the following, for𝑈 ∈ {𝑅, 𝑆,𝑇 }
and variables 𝑥,𝑦 we write 2𝑈 (𝑥,𝑦) for short instead of 𝑈 (𝑥,𝑦) +
𝑈 (𝑥,𝑦). Let 𝜙 (𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 , 𝑔, ℎ, 𝑖) be the 𝜏-expression

𝑅(𝑎, 𝑏) + 2𝑆 (𝑏, 𝑐) + 2𝑇 (𝑐, 𝑑) + 2𝑅(𝑑, 𝑒)
+ 2𝑆 (𝑒, 𝑓 ) + 2𝑇 (𝑓 , 𝑔) + 2𝑅(𝑔, ℎ) + 𝑆 (ℎ, 𝑖) (4)

+ 𝑇 ∗ (𝑖, 𝑔) + 𝑆∗ (ℎ, 𝑓 ) + 𝑅∗ (𝑔, 𝑒) +𝑇 ∗ (𝑓 , 𝑑)
+ 𝑆∗ (𝑒, 𝑐) + 𝑅∗ (𝑑, 𝑏) +𝑇 ∗ (𝑐, 𝑎) .

(5)

For an illustration of 𝜇 and 𝜙 , see Figure 3. Note that 𝜙 can be viewed
as 7 non-overlapping copies of 𝜇 (if we consider the doubled constraints
as two separate constraints) with some constraints forbidden to violate.

In what follows, we say that an atomic 𝜏-expression holds if it
evaluates to 0 and an atomic 𝜏-expression is violated if it does not
hold. Since there are 7 non-overlapping copies of 𝜇 in 𝜙 , the cost of 𝜙
is at least 7. Every assignment where

• all atoms in (5) hold, and
• either every atom at even position or every atom at odd position
in (4) holds,

evaluates 𝜙 to 7 and hence is a solution to 𝜙 .
Let 𝑅𝑇 ∈ ⟨Γ⟩ be given by

𝑅𝑇 (𝑎, 𝑏, 𝑓 , 𝑔) := Opt inf

𝑐,𝑑,𝑒,ℎ,𝑖∈𝐶
𝜙.

Note that 𝑅𝑇 (𝑎, 𝑏, 𝑓 , 𝑔) holds if and only if

• 𝑅(𝑎, 𝑏) holds and 𝑇 (𝑓 , 𝑔) does not hold, or
• 𝑇 (𝑓 , 𝑔) holds and 𝑅(𝑎, 𝑏) does not hold,

where the reverse implication uses thatℭ𝜇 is homogeneous and embeds
all finite structures that do not satisfy 𝜇. Define 𝑅𝑆 ∈ ⟨Γ⟩ by

𝑅𝑆 (𝑎, 𝑏, ℎ, 𝑖) := Opt inf

𝑐,𝑑,𝑒,𝑓 ,𝑔∈𝐶
𝜙.

Note that 𝑅𝑆 (𝑎, 𝑏, ℎ, 𝑖) holds if and only if

• 𝑅(𝑎, 𝑏) holds and 𝑆 (ℎ, 𝑖) does not hold, or
• 𝑆 (ℎ, 𝑖) holds and 𝑅(𝑎, 𝑏) does not hold.

Next, we define the auxiliary relation 𝑅𝑆 (𝑎, 𝑏, 𝑒, 𝑓 ) to be
Opt inf

𝑐,𝑑,𝑔,ℎ,𝑖∈𝐶
𝜙.

Note that 𝑅𝑆 (𝑎, 𝑏, 𝑒, 𝑓 ) holds if and only if
• both 𝑅(𝑎, 𝑏) and 𝑆 (𝑒, 𝑓 ) hold, or
• neither 𝑅(𝑎, 𝑏) and nor 𝑆 (𝑒, 𝑓 ) holds.

This allows us to define the relation

𝑅𝑅(𝑢, 𝑣, 𝑥,𝑦) := inf

𝑤,𝑧∈𝐶
𝑅𝑆 (𝑢, 𝑣,𝑤, 𝑧) + 𝑅𝑆 (𝑥,𝑦,𝑤, 𝑧)

which holds if and only if
• 𝑅(𝑢, 𝑣) holds and 𝑅(𝑥,𝑦) does not hold, or
• 𝑅(𝑥,𝑦) holds and 𝑅(𝑢, 𝑣) does not hold.

Define𝑀 ∈ ⟨Γ⟩ as
𝑀 (𝑢, 𝑣,𝑢′, 𝑣 ′, 𝑢′′, 𝑣 ′′) := Opt inf

𝑥,𝑦,𝑧∈𝐶

(
𝑅(𝑥,𝑦) + 𝑆 (𝑦, 𝑧) +𝑇 (𝑧, 𝑥)

+ 𝑅𝑅(𝑢, 𝑣, 𝑥,𝑦) + 𝑅𝑆 (𝑢′, 𝑣 ′, 𝑦, 𝑧) + 𝑅𝑇 (𝑢′′, 𝑣 ′′, 𝑧, 𝑥)
)
.

Note that 𝑅(𝑥,𝑦), 𝑆 (𝑦, 𝑧) and 𝑇 (𝑧, 𝑥) cannot hold at the same time
and therefore (𝑢, 𝑣,𝑢′, 𝑣 ′, 𝑢′′, 𝑣 ′′) ∈ 𝑀 if and only if exactly one of
of 𝑅(𝑢, 𝑣), 𝑅(𝑢′, 𝑣 ′), and 𝑅(𝑢′′, 𝑣 ′′) holds. Let Δ be the pp-power of
(𝐶;𝑀) of dimension two with signature {OIT} such that

OIT
Δ ((𝑢, 𝑣), (𝑢′, 𝑣 ′), (𝑢′′, 𝑣 ′′)) := 𝑀 (𝑢, 𝑣,𝑢′, 𝑣 ′, 𝑢′′, 𝑣 ′′).

Then Δ is homomorphically equivalent to ({0, 1}; OIT), witnessed by
the homomorphism from Δ to ({0, 1}; OIT) that maps (𝑢, 𝑣) to 1 if
𝑅(𝑢, 𝑣) and to 0 otherwise, and the homomorphism ({0, 1}; OIT) → Δ
that maps 1 to any pair of vertices (𝑢, 𝑣) ∈ 𝑅 and 0 to any pair of
vertices (𝑢, 𝑣) ∉ 𝑅. Therefore, Γ pp-constructs ({0, 1}; OIT).

We mention that another conjecture concerning a P vs. NP-

complete complexity dichotomy for resilience problems appears

in [36, Conjecture 7.7]. The conjecture has a similar form as Con-

jecture 8.17 in the sense that it states that a sufficient hardness

condition for resilience is also necessary. The relationship between

our hardness condition from Corollary 5.11 and the condition from

[36] remains open.

8.5 An example of formerly open complexity
We use our approach to settle the complexity of the resilience

problem for a conjunctive query that was mentioned as an open

problem in [22] (Section 8.5):

𝜇 := ∃𝑥,𝑦 (𝑆 (𝑥) ∧ 𝑅(𝑥,𝑦) ∧ 𝑅(𝑦, 𝑥) ∧ 𝑅(𝑦,𝑦)) (6)

Proposition 8.19. There is a finitely bounded homogeneous dual
𝔅 of 𝜇 such that the valued 𝜏-structure Γ := Γ(𝔅, ∅) has a binary
fractional polymorphism which is canonical and pseudo cyclic with
respect to Aut(Γ). Hence, VCSP(Γ) and the resilience problem for
𝜇 are in P. The polynomial-time tractability result even holds for
resilience of 𝜇 with exogeneous relations from any 𝜎 ⊆ 𝜏 .

9 CONCLUSION AND FUTUREWORK
We formulated a general hardness condition for VCSPs of valued

structures with an oligomorphic automorphism group and a new

polynomial-time tractability result. We use the latter to resolve a

resilience problem whose complexity was left open in the literature

and conjecture that our conditions exactly capture the hard and easy
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Figure 3: Example 8.18, visualisation of 𝜇 and 𝜙 . The thick edges cannot be removed.
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Figure 4: Visualisation of the query 𝜇 from (6).

resilience problems for conjunctive queries (under bag semantics),

respectively. In fact, a full classification of resilience problems for

conjunctive queries based on our approach seems feasible, but

requires further research, as discussed in the following.

We have proved that if Γ is a valued structure with an oligomor-

phic automorphism group and 𝑅 is a valued relation in the smallest

valued relational clone that contains the valued relations of Γ, then
𝑅 is preserved by all fractional polymorphisms of Γ (Lemma 6.8).

We do not know whether the converse is true. It is known to hold

for the special cases of finite-domain valued structures [17, 23] and

for classical relational structures with 0-∞ valued relations (CSP

setting) having an oligomorphic automorphism group [9].

Question 9.1. Let Γ be a valued structure with an oligomorphic
automorphism group. Is it true that 𝑅 ∈ ⟨Γ⟩ if and only if 𝑅 ∈
Imp(fPol(Γ))?

A natural attempt to positively answer Question 9.1 would be

to combine the proof strategy for finite-domain valued structures

from [17, 23] with the one for relational structures with oligomor-

phic automorphism group from [9]. However, since non-improving

of 𝑅 is not a closed condition, the compactness argument from [9]

cannot be used to construct an operation from fPol(Γ) that does
not improve 𝑅. A positive answer to Question 9.1 would imply

that the computational complexity of VCSPs for valued structures

Γ with an oligomorphic automorphism group, and in particular

the complexity of resilience problems, is fully determined by the

fractional polymorphisms of Γ.
Note that in all examples that arise from resilience problems

that we considered so far, it was sufficient to work with fractional

polymorphisms 𝜔 that are finitary, i.e., there are finitely many

operations 𝑓1, . . . , 𝑓𝑘 ∈ 𝒪𝐶 such that

∑
𝑖∈{1,...,𝑘 } 𝜔 (𝑓𝑖 ) = 1. It is

therefore possible that all fractional polymorphisms relevant for

resilience have discrete probability distributions. This motivates

the following question.

Question 9.2.

• Does our notion of pp-constructability change if we restrict to
finitary fractional homomorphisms 𝜔?

• Is there a valued structure Γ with an oligomorphic automor-
phism group and a valued relation 𝑅 such that 𝑅 is not im-
proved by all fractional polymorphism of Γ, but is improved
by all finitary fractional polymorphisms 𝜔?

• In particular, are these statements true if we restrict to valued
𝜏-structures Γ that arise from resilience problems as described
in Proposition 8.14?

In the following, we formulate a common generalisation of

the complexity-theoretic implications of Conjecture 8.17 and the

infinite-domain tractability conjecture from [10] that concerns a

full complexity classification of VCSPs for valued structures from

reducts of finitely bounded homogeneous structures.

Conjecture 9.3. Let Γ be a valued structure with finite signa-
ture such that Aut(Γ) = Aut(𝔅) for some reduct 𝔅 of a countable
finitely bounded homogeneous structure. If ({0, 1}; OIT) has no pp-
construction in Γ, then VCSP(Γ) is in P (otherwise, we already know
that VCSP(Γ) is NP-complete by Theorem 3.4 and Corollary 5.11).

One might hope to prove this conjecture under the assumption

of the infinite-domain tractability conjecture. Recall that also the

finite-domain VCSP classification was first proven conditionally on

the finite-domain tractability conjecture [31, 33], which was only

confirmed later [12, 45].

We also believe that the ‘meta-problem’ of deciding whether for

a given conjunctive query the resilience problem is in P is decidable.

This would follow from a positive answer to Conjecture 8.17 because

Γ∗𝑚 can be computed and Item 4 of Proposition 7.12 for the finite-

domain valued structure Γ∗𝑚 can be decided algorithmically using

linear programming [30].
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