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WEIGHTED AUTOMATA

Weights in (S ,⊕,�,0,1) [Schützenberger ’61]

q0 q1 q2 q3 q4 q5 q6
a a b a b a

Weight of run:

initial weight �
⊙

transition weights � final weight

Weight of word:
sum

⊕
over all runs

1 11

w 7→ |w |a

a | 1

b | 1

a | 1

b | 1

a | 1

(N0,+, ·, 0, 1)

0 0 0 00

a | 1

b | 0

a | 0

b | 1

(Z ∪ {−∞},max,+,−∞, 0)

w 7→ max{|w |a, |w |b}
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MOTIVATION

Büchi-Elgot-Trakhtenbrot ’60/’61

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

Automata MSO Logic

Weighted
Automata

???

1 ≡ ∃x .Pa(x)

a, b a, b

a

(N0,+, ·, 0, 1)

≡ w 7→ |w |a

[Droste, Gastin ’05]
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First Solution: Same syntax different semantics

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β | s

| ¬Pa(x) | ¬(x ≤ y) | ¬(x ∈ X )
| β ∧ β | ∀x .β | ∀X .β

s ∈ (S ,⊕,�,0,1)

Semantics: mimic B = ({0, 1},∨,∧, 0, 1)

Atomic formulas: 0 or 1

β ∨ β | ∃x .β | ∃X .β sum ⊕
β ∧ β | ∀x .β | ∀X .β product �

over (N0,+, ·, 0, 1):

J∃x .Pa(x)K(w) ≡ |w |a

≡ number of proofs
for w |= ∃x .Pa(x)

∀x .β well-defined?

fix order or assume commutativity
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β ::= s | Pa(x) | x ≤ y | x ∈ X | ¬Pa(x) | ¬(x ≤ y) | ¬(x ∈ X ) | β ∨ β | ∃x .β | ∃X .β
| β ∧ β | ∀x .β | ∀X .β

over (N0,+, ·, 0, 1):

β = ∀x∃y
(
y ≤ x ∧ Pa(y)

)
JβK(abaab) = 1× 1× 2× 3× 3

JβK(an) = n!

⇒ logic too expressive!

J∀x∃y .1K(w) = |w ||w |

restricted wMSO

∀X .β removed

∀x .β restricted to β with: JβK ≡
∑n

i=1 si � 1Li (Li regular)

Thm restricted wMSO ≡ weighted automata [Droste, Gastin ’05]
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b | 1

a | 1

b | 1

a | 1

(N0,+, ·, 0, 1)

≡ 1Σ∗aΣ∗

∃x .Pa(x) does not work w 7→ |w |a

∃x .
(
Pa(x) ∧ ∀y

(
Pa(y) ∧ x ≤ y ∨ Pb(y)

))
x = first a
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Further developments

syntactic restriction for ∀x .β
shorter formulas

Idea: Weight separation [Bollig, Gastin ’09] [Droste, Meinecke ’10]

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β Boolean properties easy!

ψ ::= β | s | ψ ⊕ ψ | ψ � ψ JψK ≡
∑n

i=1 si � 1Li

ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |
⊕

x .ϕ |
⊙

x .ψ |
⊕

X .ϕ restricted product quantifiers

J∃x .Pa(x)K(w) = 1Σ∗aΣ∗(w) J
⊕

x .Pa(x)K(w) = |w |a

Alternative

β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β � β |
⊙

x .β |
⊙

X .β 1Σ∗aΣ∗ ≡ ¬
⊙

x .¬Pa(x)
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BEYONDWORDS
Thm restricted wMSO ≡ weighted automata

Finite words [Droste, Gastin ’05]
Finite ranked trees [Droste, Vogler ’06]
Pictures [Fichtner ’06][Babari ’15]
Infinite words [Droste, Rahonis ’06]
Traces [Kuske, Meinecke ’06]
Texts [Mathissen ’07]
Infinite Trees [Rahonis ’07]
Nested words [Mathissen ’08]
Timed Words [Quaas ’09]
Finite unranked trees [Droste, Vogler ’11]
Infinite Nested Words [Droste, Dück ’14]
Weighted pushdown automata [Droste, Perevoshchikov ’15]
Data words (weighted register automata) [Babari, Droste, Perevoshchikov ’16]
(Infinite) Graphs [Droste, Dück ’15][Dück ’16]
Turing machines [Badia, Droste, Noguera, P ’24]
. . .
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BEYOND SEMIRINGS
infinite structures ⇒ infinite

⊕
/
⊙

⇒ undefined e.g. over (R,+, ·, 0, 1)

Option 1: (Bi)Complete semirings infinite
⊕
/
⊙

defined [Ésik, Kuich ’05]

complete distributive lattices B = ({0, 1},∨,∧, 0, 1)

(N0 ∪ {∞},+, ·, 0, 1)

Option 2: Valuation monoids [Chatterjee et al. ’08/’09] [Droste, Meinecke ’10]

run generates sequence of weights s1s2 · · · → wt(run) = Val(s1s2 · · ·)
� s1 × s2 × · · · × sn product
�

s1+s2+···+sn
n average

� s1 + λs2 + · · ·+ λn−1sn discounted sum

� lim supn→∞ sn limits
� lim infn→∞

s1+s2+···+sn
n Cesàro mean

other structures (trees, pictures, . . . ) map trees, pictures, . . . of weights

Option 3: Strong bimonoids “semirings” without distributivity

lattices with 0 and 1 [Droste, Vogler ’10]

(N0,+,+, 0, 0)
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⊕
/
⊙

defined [Ésik, Kuich ’05]

complete distributive lattices B = ({0, 1},∨,∧, 0, 1)

(N0 ∪ {∞},+, ·, 0, 1)

Option 2: Valuation monoids [Chatterjee et al. ’08/’09] [Droste, Meinecke ’10]

run generates sequence of weights s1s2 · · · → wt(run) = Val(s1s2 · · ·)
� s1 × s2 × · · · × sn product
�

s1+s2+···+sn
n average

� s1 + λs2 + · · ·+ λn−1sn discounted sum

� lim supn→∞ sn limits
� lim infn→∞

s1+s2+···+sn
n Cesàro mean

other structures (trees, pictures, . . . ) map trees, pictures, . . . of weights

Option 3: Strong bimonoids “semirings” without distributivity

lattices with 0 and 1 [Droste, Vogler ’10]

(N0,+,+, 0, 0)
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β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β

R relation symbol

ψ ::= β | s | ψ ⊕ ψ | ψ � ψ

ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |
⊕

x .ϕ |
⊙

x .ψ |
⊕

X .ϕ

Why automata? [Droste, Gastin ’09]

E.g. Graphs labela(·) labelb(·) edge(·, ·)

over (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K ≡ number of edges

over (Z ∪ {−∞},max,+,−∞, 0)

clique(X ) true iff X clique

max 0 + 0 max (1 + 0)
J
⊕

X .
(
clique(X )�

⊙
x .0⊕ (1� x ∈ X )

)
K ≡ largest clique

restrictions on
⊙

x .ϕ and
⊙

X .ϕ motivated?
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β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β R relation symbol

ψ ::= β | s | ψ ⊕ ψ | ψ � ψ

ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |
⊕

x .ϕ |
⊙

x .ψ |
⊕

X .ϕ

Why automata? [Droste, Gastin ’09]

E.g. Graphs labela(·) labelb(·) edge(·, ·)

over (N0,+, ·, 0, 1)

J
⊕

x .
⊕

y .edge(x , y)K ≡ number of edges

over (Z ∪ {−∞},max,+,−∞, 0) clique(X ) true iff X clique

max 0 + 0 max (1 + 0)
J
⊕

X .
(
clique(X )�

⊙
x .0⊕ (1� x ∈ X )

)
K ≡ largest clique

restrictions on
⊙

x .ϕ and
⊙

X .ϕ motivated?
1165%



FEFERMAN-VAUGHT THEOREM

formula β
satisfaction←−−−−−−−→ structure A

Feferman-Vaught theorem

question about union of structures A t B

⇑

questions about A

⇒ combine answers ⇐

questions about B

E.g. Graphs β = label≥2
a A t B |= label≥2

a ⇔ at least 2 vertices labeled a

A t B |= label≥2
a ≡ A |= label≥2

a ∨ B |= label≥2
a ∨ A |= label≥1

a ∧ B |= label≥1
a
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β ::= R(x1, . . . , xn) | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β MSO

P ::= xi | yi | P ∨ P | P ∧ P Propositional formulas Prop

ψ ::= β | s | ψ ⊕ ψ | ψ � ψ

ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |
⊕

x .ϕ |
⊙

x .ψ |
⊕

X .ϕ wMSO

E ::= xi | yi | E ⊕ E | E � E Expressions

Given

(S ,⊕,�,0,1) commutative

β ∈ MSO

there exist n ≥ 1 β̄1, β̄2 ∈ MSOn P ∈ Prop

such that for all structures A,B

A t B |= β iff P(x1, . . . , xn, y1, . . . , yn) = true

xi = true iff β1
i |= A

where
yi = true iff β2

i |= B
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Given

(S ,⊕,�,0,1) commutative

β ∈ MSO

there exist n ≥ 1 β̄1, β̄2 ∈ MSOn P ∈ Prop

such that for all structures A,B

JβK(A t B) = true iff P(x1, . . . , xn, y1, . . . , yn) = true

xi = true iff β1
i |= A

where
yi = true iff β2

i |= B
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i K(B)
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xi = Jβ1
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where
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Given (S ,⊕,�,0,1) commutative ϕ ∈ wMSO(S)

there exist n ≥ 1 ϕ̄1, ϕ̄2 ∈ wMSOn(S) E ∈ Exp(S)

such that for all finite structures A,B

JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

xi = Jβ1
i K(A)

where

Thm [Ravve et al. ’14] [Droste, P ’18]
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Given (S ,⊕,�,0,1) commutative ϕ ∈ wFO⊕(S)

there exist n ≥ 1 ϕ̄1, ϕ̄2 ∈ wFOn
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such that for all finite structures A,B

JϕK(A× B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

xi = Jβ1
i K(A)

where

Thm

[Ravve et al. ’14]

[Droste, P ’18]
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JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for⊙
x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊙
x .
⊙

y .1

|A|2

(Z ∪ {−∞},max,+,−∞, 0)⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)
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�
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x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊙
x .
⊙

y .1

|A|2

(Z ∪ {−∞},max,+,−∞, 0)⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)

1486%



JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for⊙
x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊙
x .
⊙

y .1

|A|2

(Z ∪ {−∞},max,+,−∞, 0)⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)

1487%



JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for

⊙
x .
⊕

y .1

|A||A|

(N0,+, ·, 0, 1)⊙
x .
⊙

y .1

|A|2

(Z ∪ {−∞},max,+,−∞, 0)⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)

1488%



JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for⊙
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)

⊙
x .
⊙

y .1

|A|2

(Z ∪ {−∞},max,+,−∞, 0)⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)

1489%



JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for⊙
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)⊙
x .
⊙

y .1 |A|2 (Z ∪ {−∞},max,+,−∞, 0)

⊙
X .1

2|A|

(Z ∪ {−∞},max,+,−∞, 0)

1490%



JϕK(A t B) = 〈〈E 〉〉(Jϕ̄1K(A), Jϕ̄2K(B))

Example labela(·), labelb(·), edge(·, ·) (N0,+, ·, 0, 1)

ϕ = |b-b-edges| · |a-vertices|

=
⊕

x .
⊕

y .edge(x , y) ∧ labelb(x) ∧ labelb(y)︸ ︷︷ ︸
ϕ|b−b|

�
⊕

z .labela(z)︸ ︷︷ ︸
ϕ|a|

ϕ̄1 = ϕ̄2 = (ϕ|b−b|, ϕ|a|) E = (x1 ⊕ y1)� (x2 ⊕ y2)

Restrictions on
⊙

x .ϕ and
⊙

X .ϕ necessary decomposition fails for⊙
x .
⊕

y .1 |A||A| (N0,+, ·, 0, 1)⊙
x .
⊙

y .1 |A|2 (Z ∪ {−∞},max,+,−∞, 0)⊙
X .1 2|A| (Z ∪ {−∞},max,+,−∞, 0)

1491%



FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1

⊙
x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1

⊙
x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1

⊙
x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1

⊙
x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1

⊙
x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1
⊙

x .ψ

finitely ambiguous |Run(w)| ≤ M

⊕n
i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1
⊙

x .ψ

finitely ambiguous |Run(w)| ≤ M
⊕n

i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)

⊕n
i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]

1598%



FRAGMENTS
β ::= Pa(x) | x ≤ y | x ∈ X | ¬β | β ∨ β | ∃x .β | ∃X .β
ψ ::= β | s | ψ ⊕ ψ | ψ � ψ
ϕ ::= β | s | ϕ⊕ ϕ | ϕ� ϕ |

⊕
x .ϕ |

⊙
x .ψ |

⊕
X .ϕ

restriction to first order? restriction to only
⊙

x .ψ?

Ambiguity of automata Run(w) = {Runs r on w with weight(r) 6= 0}

unambiguous |Run(w)| ≤ 1
⊙

x .ψ

finitely ambiguous |Run(w)| ≤ M
⊕n

i=1

⊙
x .ψi

polynomially ambiguous |Run(w)| ≤ P(|w |)
⊕n

i=1

⊕
x1 · · ·

⊕
xkn
⊙

x .ψi

a, b b

a

ba
a

b

b

a, b a, b

a

[Kreutzer, Riveros ’14]
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