P xvwhuoùvxqj hq }x �G| qdp lvfkh V| vwhp h xqg Dxwrqrp h Dj hqwhq�1

+U1Ghu2 P 1Khuup dqq, Vhulh 51

41 Dxij deh +Mh Whlodxij deh 4 Snw1,= Nrqnuhw}x ehkdqghoq z du gdv iro0 j hqgh V| vwhp bx @x +c∗ x, +4,

+d, I l{sxqnwh vlqg x^W@3 xqg x^W@c1 +e, VwdelowlwçwghuI l{sxqnwh=I ux^W@3 j low=GdvV| vwhp uhgx}lhuw vlfk lq ghu olqhduhq Dssur{lp dwlrq dxi bx @ cx vr gdvv ghu I S i u c < 3 vwdeloxqg i u c > 3 lqvwdelolvw1 I u c @3 uhgx}lhuw vlfk gdv V| vwhp dxi bx @ ∗ x^2 xqg kdwgruwhlqhq vwdelohq I S ghvvhq Hlq}xj vehuhlfk glh srvlwlyh x0Dfkvh lvw1 I u x^W@c j low1 Z lu vhw}hq x @c. u xqg hukdowhq lq ghu Qçkh ghv I S bu @∗ cu1 Hv j lowiroj olfk glh j ohlfkh Glvnxvvlrq z lh dq x^W @ 3 qxu p lw ghp xp j hnhkuwhq Yru}hlfkhq i u c1 Glh I Sh wdxvfkhq p lwghp Yru}hlfkhq yrq c lku Vwdelolwçwvyhukdowhq1 +f, Skdvhqsruwuçw+yj o1 Nds1 6.4 lp Vnulsw,=Vwhoohq Vlh glh Skdvhq0 sruwuçwv i u t xdolwdwly yhuvfklhghqh Z huwh yrq c gdu1 Z lu kdehq hv p lwhlqhu wudqvnulwlvfkhq Elixundwlrq }x wxq/ v1 Nds1 817 lp Vnulsw1 +g, Yhukdowhq ghv Urerwhuv1 I u c > 3 j low= Ghu I S dq c lvwvwdelo/ vhlq Hlq}xj vehuhlfk lvwgdv j hvdp wh Lqwhuydo x > 3/ g1k1 idoov x +3, > 3 nrqyhuj lhuwglh J hvfkz lqglj nhlwghv Urerwhuv j hj hq c1 Gd x^W@ 3 lqvwdelo/ z lug i u x +3, < 3 glh J hvfkz lqglj nhlw x ↔ ∗ △ glyhuj lhuhq1 I uc < 3 nrqyhuj lhuwx ↔ 3 idoovx +3, > c xqg x ↔ ∗ △ idoov x +3, < c1

51 Dxij deh +Mh Whlodxij deh 5 Snwh1,=Ehwudfkwhq Vlh glh rehq hlqj hi kuwh hlqidfkh vhqvrp rwrulvfkh Vfkohlih z rehl ghu Frqwuroohu mhw}wglh qhxh Vrooj hvfkz lqglj nhlwdov y @wdqk+cx,

dxvj lew/ z rehl cz lhghuhlq Sdudp hwhulvw1GdvJ ohlfkxqj +4, hqwvsuhfkhqgh GVlvwiroj olfk bx @wdqk+cx, ∗ x +5,

Whlodxij dehq=

+d, I l{sxqnwh=I lqghq Vlht xdolwdwly +j ud�vfkhOùvxqj , glhI l{sxqnwh ghv GV+5,1 wdqk+3.5x,

1 0.5 0 -0.5 -1

1

0.5 0

-0.5

-1

x

y x

y

J ud�vfkh Oùvxqj ghu I S0J ohlfkxqj wdqk+cx, @x1 Gduj hvwhoowlvw wdqk+cx,i u c @3.8 xqg c @4.8 +j hsxqnwhw,1 Glh I l{sxqnwh huj hehq vlfk dxv ghp Vfkqlwwsxqnwghu wdqk+cx, Nxuyh p lwx1 I u c @3.8 j lewhv qxu ghq I S dq x @3/ i u c @4.8 z lug glhvhu lqvwdeloxqg hv j lewgdi u }z hl z hlwhuh I S dq x ≪ 3.;91

+e, Skdvhqsruwuçw=Vwhoohq Vlh glh Skdvhqsruwuçwvi ut xdolwdwly yhu0 vfklhghqh Z huwh yrq c gdu1

1 0.5 0 -0.5 -1

0.5

0.25 0

-0.25

-0.5

x

y x

y

Skdvhqsruwuçwi u bx @f +x, p lwf +x, @wdqk+cx, ∗ x i u c @3.8 e}z 1 c @4.81 Sihloulfkwxqj hq yhuodxihq dxi ghu Nxuyh i u c @3.8 dxi ghq

Qxoosxqnw}x1 I u c @4.8 odxihq vlh mhz hlov dxi glh I l{sxqnwh ehl x ≪ ⊖ 3.; }x +yrq 3 dxv qdfk dxvvhq,1

+f, VwdelolwçwghuI l{sxqnwh=I uglh VwdelolwçwghvGV bx @f +x, dp

I S a lvwgdv Yru}hlfkhq ghu Deohlwxqj f_≺+a, hqwvfkhlghqg1 I u ghq wdqk+, j lowglh Eh}lhkxqj ∂ ∂u wdqk+u, @4∗ wdqk_2 +u,

Hv lvwiroj olfk f_≺+x, @ ∂ ∂x +wdqk+cx, ∗ x, @c∗ cwdqk_2 +cx, ∗ 4

Dq x @ 3 lvwf^≺+3, @ c ∗ 4 vr gdvv ghu I S vwdelo lvwvrodqj h c < 41 I u c > 4 huj hehq vlfk }z hl qhxh I S +v1 Deelogxqj hq,/ lkuh j hqdxh Odj h ndqq dehu qlfkwdqdo| wlvfk ehvwlp p wz hughq/ gd vlh glh Oùvxqj ghu wudqv}hqghqwhq J ohlfkxqj wdqk+cx, @ x huirughuw1 Dxv ghu Deelogxqj lvwdehu hlqghxwlj }x hunhqqhq/ gdvv lp mhz hlolj hq I S^∂_{∂x} wdqk+cx, < 4 xqg iroj olfk f^≺+x, < 3 j low1 +g, Elixundwlrqvgldj udp p =Z lukdehq hlqhw| slvfkhSlwfkirun +Khxj d0 eho, Elixundwlrq yruolhj hq p lwghp Elixundwlrqvsxqnwdq c @41

61 Dxij deh +Mh Whlodxij deh 5 Snwh1,=Hlq xvvhlqhvEldv=Lp Xqwhuvfklhg }xp GV+5, hqwkdowh ghuFrqwuroohumhw}whlqhq EldvH/ g1k1z lukdehq gdv GV bx @wdqk+cx . H, ∗ x +6,

Whlodxij dehq=

+d, Glvnxwlhuhq Vlhi u3 < c << 4 Odj hxqg VwdelolwçwghuI l{sxqnwh dov I xqnwlrq yrq H1 Z lu dssur{lp lhuhq bx @�x . H p lw� @c∗ 41 I u � @3 lvwbx @H dovr nhlq I S vrodqj h H ∃@31 I u � ∃@3 i kuhq z lu hlqh qhxh Yduldeoh u @x . H/� hlq xqg hukdowhq bu @�u p lwvwdelohp +lqvwdelohp , I S i u � < 3 +� > 3, dq x @∗ H/�1 +e, I u c >> 4 lvwwdqk+cx, ≪ ⊖ 4 i u ⇕x⇕> ε z rehl ε > 31 Glh vwdelohq I Sholhj hq dovr dq ⊖ 41GhuI S olhj wdq 4vrodqj hcx. H > ε dovr cx > ∗ H j low1J huçwH ghxwolfk xqwhughq Z huwH @∗ cx/ gdqq vsulqj wghu I S dxi glh dqghuh Vhlwh1 +f, I u c >> 4 }hlj wgdv V| vwhp hlq k| vwhuhwlvfkhv Yhukdowhq= Vhl c >> 4 xqg x dp I S x @a p lwa ≪ 41 Dxvvhughp vhl H > 31 Z lu nùqqhq qxq H vrodqj h yhunohlqhuq/ elv H klquhlfkhqg z hlw xqwhu ghq Z huwH @∗ ca j huçw1 Gdqq z lug ghu I S dq a lqvwdelo xqg ghuqhxh I S lvwx @∗ a1 Z lunùqqhq qxq H z lhghuvr odqj h yhuj uù huq elv H ∗ ca > 31 Huvwgdqq vsulqj wghu I S z lhghu xp 1 GdvJ helhwyrq H lq ghp hlq I S vwdelolvwkçqj wdovr gdyrq de/ z hofkhq Z huwglh ] xvwdqgvyduldeoh x yrukhu kdwwh1 Glhvh Hlj hqvfkdiwqhqqwp dq K| vwhuhvh1

71 Dxij deh +9 Snwh1,=Ehwudfkwhq Vlh gdv GV bx @ ∗ y . cx . xy^2 by @ x . cy ∗ x^2

Whlodxij dehq=

+d, Olqhdulvlhuhq Vlh gdv V| vwhp xp ghq Xuvsuxqj +x @ 3/ y @ 3, xqg }hlj hq Vlh/ gdvvi uc @3 dooh Hlj hqz huwh uhlq lp dj lqçuvlqg1

+5 Snwh1,

+e, GdvV| vwhp gxufkoçxiwhlqhKrsi0Elixundwlrq dq c @31] hlj hq Vlh gdv gxufk Sorwj hhlj qhwhu Skdvhqsruwuçwv +j hkwqxu qxp hulvfk,1

Lvwglhvh vxenulwlvfk/ vxshunulwlvfk rghu hqwduwhwB +7 Snwh1,

Oùvxqj yrq Dxij deh 7 dxi h{wud Eodww1